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 Abstract 
Medical simulators, such as in palpation and disease diagnosis, require an efficient 
model of the biological soft tissue deformation. Hence, a computationally fast and accurate 
algorithm is required to support and enhance user interactions in near real-time simulations. 
The visual accuracy of such simulators is dependent on the user’s reaction time. Static visual 
images that update at a rate of 25 Hz are perceived as real-time moving images. Hence, 
visualizing software requires fast algorithms to compute the deformation of soft tissue to 
facilitate a meaningful simulation. Furthermore, soft tissue behaviour should be modelled 
accurately while compatible with real-time computation. 
This work proposes a fast solver for the linearized finite element method (FEM) and 
validates the proposed algorithm with experimental results. The novelty of the method lies in 
the utilization of real-time force/displacement measurements that are embedded in the solution 
via the Kalman filter. 
A novel computational algorithm that utilizes the strength of the FEM in terms of 
accuracy and employs direct measurements from the manipulated tissue to overcome the slow 
computational process of the FEM is proposed in the first part of the thesis. As the behaviour 
of the mechanically loaded tissue can be regarded as linearly responding at each time step, a 
constant acceleration temporal discretization method, i.e., the Newmark-β is employed. In real-
time applications, the accuracy of the target variable highly depends on the accuracy of the 
inputs while differentiating noise from the signal is hardly ever possible. To address this 
problem, a Kalman filter-based method is developed. The proposed algorithm not only filters 
the noise from the measurements but also adapts the filter gain to the estimates of the target 
variable, i.e., the resulting tissue deformation. For a simulated tension test of a cubic model, 
the proposed algorithm achieves the update frequency of 63.3 Hz. This rate is a significant 
improvement in computational speed compared to the 5.8 Hz update rate by the classic FEM. 
ABSTRACT 2 
Besides, this novel combination of the KF and the FEM makes it possible to expand the 
displacement estimates in the spatial domain when the measurements are only partially 
available at certain points. 
The performance of the above method is validated experimentally through a 
comparison with indentation tests on artificial human tissue-like material and with the FEM 
result under identical simulation conditions. The test is repeated on several samples, and the 
displacement variation from the FEM outcome is considered as the model error. Simulation 
results show that the proposed method achieves the deformation update frequency of 145.7 Hz 
compared to the 2.7 Hz from the reference FEM. The proposed method shows the same 
predictive ability, only 0.47% difference from FEM on average. Experimental validation of the 
proposed KF-FEM confirms that by consideration of both the measurement noise and the 
model error, the proposed method is capable of achieving high-frequency response without 
sacrificing the accuracy. Further to this, the experiments confirmed the linearized model 
response is reliable within the applied displacement range and therefore proving that KF can 
be employed. 
The developed KF-FEM was modified in the next study to address the problem 
resulting from inaccurate external loads measurements by the force sensors. In the modified 
version, both the external force, i.e., driving variable, and the displacement, i.e., driven variable, 
are taken as system states. It is considered that the uncertainty of the model input influences 
the accuracy of the system estimates. The modified model is calibrated to differentiate the 
system noise from the input noise. Numerical simulations were conducted on a liver shape 
geometrical model, and the simulation results demonstrate that more than 90% of the 
measurement noise is removed. The computational speed is also increased, delivering up to 89 
Hz update rate. While the uncertainty of the external load is replicated in the displacements in 
REAL-TIME PREDICTION OF SOFT TISSUE BEHAVIOUR 3 
an FEM solution, the developed algorithm can differentiate the measurement noise, including 
the displacement and external forces, from the system error, i.e., the FE model error.  
In the last study, the proposed model was developed to reflect the nonlinear behaviour 
of the manipulated tissue. The Central Difference time discretization method was used to model 
large deformations. A novel feature is that the Equation of motion is formulated within the 
element level rather than in the global spatial domain. This approach helped to improve the 
computational speed. Indentation with strains of slightly over 10% was simulated to assess the 
performance of the proposed model. The developed algorithm achieved the 33.85 Hz update 
frequency on a standard-issue PC and confirmed its suitability for real-time applications. Also, 
the proposed model achieved estimates with a maximum 5.75% mean absolute error (MAE) 
concerning the measurements while the classic FEM showed 6.20% MAE under identical 
simulation condition. Results confirm that deformation estimates for noisy boundary loads of 
the FEM can be improved with the help of direct measurements and yet be realistic in terms of 
real-time visual update. 
This study proposed a novel computational algorithm that achieved update frequencies 
of higher than 25 Hz to be perceived as real-time in human’s eyes. The developed KF-FEM 
model has also shown the potential of improving the FEM accuracy with the help of direct 
measurements. The proposed algorithm used partially available measurements and expanded 
its estimates in the spatial domain. The method was experimentally validated, and the model 
input uncertainty, as well as the nonlinear behaviour of the soft tissue, were assessed and 
verified. 
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1 Introduction 
  
1.1 Medical Simulators 
During the past three decades, the simulation of medical procedures has built an 
extreme interest between mechanical and computer science researchers. Satava (1996) 
categorized medical simulators into three generations. The first generation simulates the 
geometrical nature of the human tissues and organs and provides the three-dimensional 
environment to navigate and study the anatomy of target living beings. In spite of their 
imperfect user interfaces, the first-generation simulators have found their role enormously in 
many educational and training applications. The second generation addresses the physical 
interaction of body organs. For soft tissues, they are capable to simulate the deformation of 
tissues when interact with surgical tools and surrounding organs. For hard tissues, these 
simulators are capable to simulate the kinematics of the structures. The third generation of 
simulators studies physiology and functional nature of human organs. To exemplify, a physical 
phenomenon like cutting a vessel can affect the blood pressure and therefore, the function of 
other organs; or, a physiological fact such as the development of tumorous lesions may modify 
the tissue mechanical properties locally. Figure 1-1 shows the three generations of medical 
simulators and how the different levels of simulation in terms of anatomy, physics, and 
physiology interact with each other. 
A medical simulator consists of input and output devices, and the core of the simulator. 
The input devices include a force-sensor-equipped device with which a user moves the surgery 
tools, and a mouse to have a good view of the operation zone. The core of the simulator is to 
create and analyse the geometrical, the physical, and the physiological model of living beings. 
Medical images are obtained from CT scans and MRIs, then converted to standard 3D graphics 
INTRODUCTION 8 
formats to form the geometrical models. Physical and physiological models are tissue-specific 
and depend on the mechanical properties of the target tissue. The collision between surgical 
tools and soft tissue is detected, and the corresponding reaction forces on the instruments are 
calculated in the core of the simulator. The computed data is sent to the output devices, which 
consist of a screen and the haptic device. The haptic device transforms reaction forces and 
moments to the user and allows the user to have a sense and perception of virtual contact with 
the tissue (Niroomandi, Alfaro, Cueto, & Chinesta, 2012). 
 
Figure 1-1. Interaction of the three generations of medical simulators 
In spite of the rapid development in computer simulation technologies, achieving 
accurate soft tissue simulation remains challenging. Notably, medical applications require 
computationally fast and reliable models to adapt user interactions (Wen & Tao Ruan, 2014). 
It will be elaborated in this project that an efficient and accurate simulation of biological soft 
tissues is the crucial computational component in medical simulators. 
1.1.1 Significance 
There are four overall gained values by the use of medical simulators as a component 
of medical training: patient safety, ongoing training opportunities, enhanced educational 
experience, and cost-efficiency. Medical simulators provide a safe environment in which a 
physician can repeatedly practice a procedure without putting patient at risk. The simulator is 
generally available and easily accessible by the trainees so that trainees can use it whenever 
they have the time. The training procedures are, therefore, not dependent on the availability of 
• Surface
• Volume
• Shape
Anatomy
• Deformation
• Force/Stress
• Temperature
Physics
• Heart
• Liver
• Blood cells
Physiology
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an actual patient, and trainees can practise on the simulator until they feel they have 
comprehended the essential operational skills (Kunkler, 2006). 
1.1.2 Rationale  
The visual accuracy of simulation-based training is dependent on the reaction time in 
the human sensory system. Static visual images that are updated at the rate of 25 Hz “appear” 
real. Therefore, the challenge is to develop computational algorithms that allow such rapid 
computations without improperly sacrificing computational accuracy (Courtecuisse et al., 
2014; Lim & De, 2007). The development of such fast algorithms to compute the deformation 
in quasi real-time mode is likely to benefit numerous medical applications. More specifically, 
when considering requirements for realistic interactive simulations of medical procedures, 
several elements seem mandatory 
• anatomical models and tissue properties need to be patient-specific and obtained 
without complicated additional process 
• soft tissue response needs to be realistic and demonstrate a predictive capability, yet 
it should be compatible with real-time computation 
• interactions with the surrounding anatomy and with medical devices need to involve 
advanced contact models that can be computed in real-time 
• and finally, realistic visual and haptic feedback should be provided to create a higher 
level of reality, in particular, during training sessions (Courtecuisse et al., 2010). 
In such a system, the users would be able to interact with the three-dimensional virtual models 
of organs using their sense of vision as well as manipulating them actively using their sense of 
touch through a haptic interface device. Figure 1-2 shows a schematic of the medical simulation 
systems. 
A useful medical simulator must be able to reproduce the mechanical behaviour of 
organs. For this purpose, the modelling of tissue deformation is of considerable significance, 
INTRODUCTION 10 
and several models of different approaches have been reported. There are two broad methods 
of studying soft tissue deformation. First, the nonphysical strategies, i.e. the strategies that do 
not follow physics laws, are fast in computations but less realistic (for instance, see (Patete et 
al., 2013)). Second, the physics-based ones, that are more realistic, but the computation is slow 
(see for example (Taylor, Cheng, & Ourselin, 2008; Wu, Westermann, & Dick, 2015)). 
However, the simulation of practical medical procedures requires the knowledge of the 
mechanical properties and physical behaviour of tissues and organs. In addition to that, to set 
up a real-time interactive digital environment, models of tissues and organs should be computed 
and updated in real-time. As a result, the simulation of soft tissue behaviours such as 
deformation requires specialized optimized algorithms which have to comply both with the 
accuracy of results and computation time. For these reasons, research in the field of real-time 
deformable tissues remains very open. 
 
Figure 1-2. A schematic of medical simulation systems 
1.2 Research Method 
After thorough research and review of the significance of the soft tissue’s deformation 
simulation in medical applications, and careful identification of the gaps in the current state of 
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the art, as further will be presented in chapter 2, the research strategy is prepared in four stages. 
Figure 1-3 shows a schematic of the steps taken in this work. 
The project focuses firstly on Kalman filtering methods to gain an optimal state 
estimation of tissue behaviour in real-time. Secondly, on finite element methods which are 
shown to be a promising approach to extend the estimation accuracy in space directions. 
Experiments are conducted to validate the feasibility of the algorithm. The developed method 
is modified to address the uncertainties of the simulation inputs. Finally, large nonlinear 
deformations of the soft tissue are studied. 
 
Figure 1-3. The research strategy 
1.2.1 Deformation Estimation by KF-FEM 
Different variations of finite element formulation such as different spatial and temporal 
discretisation and boundary conditions influence the speed of calculations and accuracy of 
outcomes. Besides, the solver (for instance, KF) hypothesis and scope of work can also affect 
the accuracy and computational performance of the physical model. Therefore, proper 
programming of the physical model is crucial for understanding the effect of our method on 
the performance of tissue real-time behaviour estimation. The steps below are taken into 
consideration in this work to achieve an optimised estimator for the soft tissue’s deformation 
in a realistically and interactively. 
INTRODUCTION 12 
• The spatio-temporal formulation of the algorithm to be developed 
• The target tissue’s geometry, material properties, and the simulation boundary 
conditions to be investigated and defined in the code 
• The measurement data to be generated and employed by the algorithm 
• The algorithm’s real-time performance to be monitored and plotted 
• The simulation’s accuracy and computational speed to be assessed 
1.2.2 Experimental Validation 
Experiments on the Silicon tissue will be set up to validate the accuracy of the proposed 
method. The purpose is to verify that the linearized FEM is reliable within the range of applied 
displacement. Besides, the computational speed is monitored.  
1.2.3 Filter Modification for Uncertain System Inputs 
The measurement data contain variable noise levels due to various parameters, 
instruments' accuracy and data update frequency to name but two. Such random factors result 
in providing unknown noisy input for the system. This project modifies the developed 
algorithm to consider and eliminate measurement tools noise such as in force sensors. The 
proposed method is modified to differentiate the mathematical model error from the force-
displacement measurement noise.  
1.2.4 Large Nonlinear Deformations 
Material and geometry nonlinearity of soft tissue is incorporated into the proposed 
method to obtain a high degree of realism. The performance of the algorithm is assessed in 
terms of accuracy and computational speed. 
The scope and outline of the thesis is defined according to sections 1.2.1 to 1.2.4, and 
the thesis structure is illustrated in Figure 1-4. 
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Figure 1-4. The scope and outline of the thesis 
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2 Literature Review 
  
The deformation of biological organs in interaction with manipulating and operational 
instrument is mainly governed by three factors  
1. Organ geometry,  
2. Tissue's constitutive laws, and  
3. Boundary conditions due to the tissue’s surrounding structure.  
Modelling the above and obtaining reliable predictive results to meet the requirements of target 
application has been a longstanding challenge for the researcher. Table 2-1 shows some 
common factors discussed in the literature. Misra, Macura, Ramesh, and Okamura (2009) 
studied the effect of some combinations of the mentioned parameters in the fidelity and 
efficiency of medical simulators and planners. 
Table 2-1. The parameters governing biological organs deformation 
Geometry Square Circle 
Material Properties Linear elastic Hyperelastic 
Boundary Conditions Fixed edge Partially constrained 
2.1 Deformable Models 
The multidisciplinary field of modelling biological soft tissue’s behaviour has been of 
strong interest for researchers from biomedical engineering, computational physics, and 
computer graphics. Novel methods have been proposed to address the difficulties of developing 
high fidelity simulation of deformable models in medical applications. 
Deformable models are broadly classified into two categories: physics-based (Nealen, 
Müller, Keiser, Boxerman, & Carlson, 2006) and heuristic models. Physics-based models are 
primarily using continuum mechanics and solve the incurring partial differential equations 
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(PDEs) using numerical methods. Non-physical models use intuitive methods, and they are 
also known as heuristic models (Meier, López, Monserrat, Juan, & Alcañiz, 2005). 
2.1.1 Heuristic Approach 
Heuristic models are based on the hypothesis that the exact computational approach of 
continuum mechanics is far too sophisticated and complicated for realistic real-time 
performances. 
2.1.1.1 Geometrically based models. 
Since visual deformation and haptic feedbacks are limited to the surface, geometry-
based models were developed to simulate the surface deformation more than three decades ago. 
Sederberg and Parry (1986) developed a free-form deformation (FFD) algorithm to deform the 
surface through the free manipulation of control points. Cover et al. (1993) employed 
deformable splines to study the manipulation of the gall bladder in laparoscopic surgery. 
Geometrically based models are often fast for illustrating interactive deformation, but they do 
not closely resemble the underlying physical behaviour of the soft tissue deformation. Figure 
2-1 shows a deformed volume and surface obtained by FFD and deformable splines models 
respectively. 
 
Figure 2-1. Geomety-based models: (a) A free-form deformed volume with control points Sederberg and Parry 
(1986) (b) A deformed surface with deformed splines Cover et al. (1993) 
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2.1.1.2 Mass-spring model. 
The mass-spring model (MSM) is a widely applied method in modelling deformable 
objects, that is based on the principle of dynamics. Kühnapfel, Çakmak, and Maaß (2000) 
modelled an elastic 3D mesh of virtual mass points which were interconnected by virtual 
springs with damping elements in their endoscopic surgery training simulator. The MSM has 
been used in various kinds of training simulators such as in transurethral resection of the 
prostate (TURP) (Castaneda & Cosio, 2004) and heart valve repair procedure (Hammer, Sacks, 
Del Nido, & Howe, 2011).  Figure 2-2 shows the iterative process of calculating forces exerted 
on masses attached to a mesh of springs. 
 
Figure 2-2. Iterative process of calculating gravity forces exerted on mesh springs (MSM) (Patete et al., 2013) 
The MSM easy implementation has made them suitable for the dynamic simulation of 
complex behaviours, particularly in multi-organ systems. Topographical changes such as 
resection, cutting, and suturing are simply achievable during the simulation by adding or 
removing connections between vertices. With no specific requirements to high levels of code 
parallelization, the MSM model can compute high refresh rates for real-time applications (C. 
Li, Ding, Hong, Pan, & Liu, 2018; Patete et al., 2013). 
2.1.1.3 Linked volumes. 
The basic version of linked volume models is a 3D extension of MSM. The entire 
volume is discretized into cubic elements with virtual masses located at the centre of elements 
and connected to neighbouring elements through springs and dampers (Jansson & Vergeest, 
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2002). Similar to the basic linked volume, the ChainMail algorithm discretizes the geometrical 
domain into volumetric elements but connected through chain-like links rather than springs 
and dampers. The chain elements can move freely, within a certain limit, without influencing 
neighbouring elements. In the ChainMail model, forces are not associated to the element links, 
and displacements are obtained through minimizing the internal deformational energy 
iteratively until convergence is achieved (Rodríguez, León, & Arroyo, 2016; Villard et al., 
2014). Figure 2-3 shows deformation with a basic and a ChainMail linked volume model. 
In summary, heuristic deformable models are easy to implement, fast and flexible to 
topographical change but they do not offer a clear relationship between model parameters and 
material constitutive laws. The model’s physical accuracy requires complex optimization 
techniques to suit the specific modelled geometry (Jinao, Yongmin, & Chengfan, 2018).  
 
Figure 2-3. Linked volumes: (a) A deformed object with basic linked volumes (Jansson & Vergeest, 2002) (b) 
ChainMail process (Jinao et al., 2018)  
2.1.2 Continuum Mechanics Approach 
Opposite to the discrete models championed by the heuristic approaches, continuum 
mechanics approach considers the target domain as a continuous medium composed of 
connected volumes. The methods in this group employ constitutive laws to govern the loading 
response of a body.  
2.1.2.1 Finite element method. 
The finite element method (FEM) has been the preferred method in computational 
biomechanics due to its physical accuracy (Freutel, Schmidt, Dürselen, Ignatius, & Galbusera, 
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2014). The FEM has been used in a variety of biomechanical applications such as cardiac 
electrophysiology for training simulators (Talbot et al., 2017), development of patient-specific 
models for hepatic surgery (M. Li et al., 2015; Plantefeve, Peterlik, Haouchine, & Cotin, 2016), 
and high-speed brain deformations with haptic feedback (Joldes, Wittek, & Miller, 2009).  
The FEM divides the analysed material domain into a finite number of elements, and 
the constitutive laws are approximated and satisfied at element level. By assembling all the 
mesh elements into a global formulation, the mechanical behaviour of the entire soft tissue is 
represented. A triangular surface mesh of the cardiovascular system is illustrated in Figure 2-4. 
 
Figure 2-4. Triangular mesh used for collision detection in cardiovascular navigation (Talbot et al., 2017) 
2.1.2.2 Boundary element methods. 
BEM is a physics-based method that computes the deformation by numerically solving 
the integral boundary equation on a surface mesh. The computational efficiency of the BEM is 
high as the simulation is only on boundaries and no computation resource is wasted in updating 
the volume. BEM is also used in virtual surgery to model the deformation of organs. Kim, Choi, 
De, and Srinivasan (2007) developed a multi-resolution modelling technique with local surface 
mesh subdivision to enhance the accuracy of contact areas in surgical simulation without losing 
real-time interactivity. Wang et al. (2007) used BEM in the simulation of three main surgical 
applications of prodding, pinching, and cutting for which haptic and visual feedback are 
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required. Bo et al. (2008) used the BEM with a state machine algorithm to control the 
computation patterns of deformation efficiently and accurately.  
2.1.3 Further Modeling Approaches 
2.1.3.1 Hybrid models. 
A hybrid model usually divides the geometry into two operational and non-operational 
regions. The operation area, in which the deformation accuracy matters is modelled with a 
higher degree of precision while for the non-operation zone simple integration and fast 
computational speed of non-physical models as well as the movement flexibility, such as 
nonlinear deformations and topological changes are employed. While the general properties of 
each model are preserved, the overall computational performance of the model is enhanced 
compared with the continuum mechanics approaches. W. Wu and P. A. Heng (2004) developed 
a hybrid condensed volumetric finite element model in the operation part combined with 
surface-only nodes in the non-operation parts. They took advantage of the Graphics Processing 
Unit (GPU) accelerated computations to achieve an interactive 3-dimensional simulation of 
surgical cutting. Zhu and Gu (2012) evaluated the efficiency and robustness of their developed 
hybrid deformable model with experimental tests. They used the BEM with coarse surface 
meshes to simulate the global deformation combined with the MSM to simulate the dynamic 
interaction of the tissue with the surgical instrument. 
2.1.3.2 Meshless continuum mechanics. 
A high-quality mesh is always required to guarantee the physical accuracy and 
numerical convergence of mesh-based continuum mechanics models. Due to the complicated 
geometry and patient-specific nature of biological organs, discretizing the body domain is 
usually time-consuming. Also, it is not always possible to generate quality meshes 
automatically. Some meshless approaches such as meshless total Lagrangian explicit dynamics 
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(MTLED) (Horton, Wittek, Joldes, & Miller, 2010; Zou & Liu, 2017) and smoothed particle 
hydrodynamics (SPH) models have been proposed to address mentioned issues. 
As in the finite element based TLED, the MTLED pre-calculates all derivatives with 
respect to spatial coordinates and uses the deformation gradient to determine the full system 
status at each time step. However, the main challenge in MTLED is combining the meshless 
model with the finite element shape functions to enforce the necessary boundary conditions. 
Several solutions such as displacement corrections strategies and radial point interpolation 
methods (RPIM) for easy enforcement of essential boundary conditions have been proposed 
by researchers (Joldes, Chowdhury, Wittek, & Miller, 2017; Yanni, Liu, Qiangqiang, Pinhua, 
& Chunquan, 2017). In particle-based approaches such as SPH, particles target variables are 
interpolated over a distance from neighbouring particles by a Kernel function. Rausch, 
Karniadakis, and Humphrey (2017) employed a normalized total Lagrangian approach to 
simulate the material discontinuity of soft tissue damage. Palyanov, Khayrulin, and Larson 
(2016) proposed a predictive-corrective incompressible SPH (PCISPH) for biological soft 
tissue simulation. 
2.1.3.3 Machine learning models. 
Data-driven approaches widely used in machine learning (ML) algorithms have found 
their application in medical simulation procedures relatively recently (Deo, 2010). The ML 
method is usually conducted in offline and online phases. In the offline stage, the model is 
trained and its hyperparameters are optimised with hundreds of thousands of data points from 
the target application. The model’s estimation error is minimised with the help of either an 
accurate biomechanical model such as FEM or pre-operation measurements such as MRI and 
CT scans. The trained model predicts the target variable status such as displacement in real 
time under unseen conditions. Tonutti, Gras, and Yang (2017) employed artificial neural 
network (ANN) and support vector regression (SVR) methods for tumour’s deformation 
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estimation in image-guided neurosurgery. Lorente et al. (2017) used supervised ML regression 
methods such as random forests and decision trees for human’s liver behaviour simulation 
during breathing. The performance of a ML model is highly dependent on the training data and 
the learning algorithm. 
Due to the wide variety of deformable models, the selection of the desired approach 
depends on the application of the target medical simulator. As explained in section 2.1, some 
models promise the physical accuracy, whereas some others are highly interactive and can be 
used in real-time applications. A comparison between the performance of some commonly used 
deformable models in terms of speed and accuracy is presented in Table 2-2. 
Table 2-2. Comparison of deformable models 
Deformable model Speed Accuracy 
Geometrically based **** * 
MSM **** *** 
Linked volumes ***** * 
FEM *** ***** 
Meshless methods *** **** 
ML **** **** 
Key: ***** is the highest, and * is the lowest. 
2.2 Realistic vs. Interactive Model Challenges 
First, in order to simulate the mechanical behaviours of soft tissues realistically, the 
geometry of anatomical models is obtained from the patient-specific medical images. This 
process is still not fully automated and requires significant manual image segmentation and 
mesh generation. Furthermore, the material properties of tissues need to be characterized. The 
patient-specific nature of such features makes the prediction of in vivo tissue behaviour difficult. 
In addition to that, most biological soft tissues exhibit anisotropic and heterogeneous stiffness 
and are nearly incompressible (Kenedi, Gibson, Evans, & Barbenel, 1975). Analytical solutions 
to such problems are computationally expensive and involve inaccuracy or even instability in 
simulation. Boundary conditions are also challenging to define due to the complex tissue 
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composition and interactions between organs. Challenges mentioned above necessitate a 
solution that could offer adaptive corrections with the help of real-time direct measurements. 
Second, the challenge of interactive simulation requires fast solutions to deformable 
objects. The update frequency required for visual feedback is at least 25 Hz to achieve a real-
time user interaction with virtual soft tissue models. Soft tissue response must be computed in 
a fraction of a second to achieve the required update rates of visual feedback that simulates 
motion of rendered graphics to be perceived as a smooth uninterrupted motion by the user. Due 
to the complex characteristics of the biological soft tissues, numerical solutions are often 
computationally expensive, and simplifications of the problem are required to achieve real-
time performance, adversely affecting the simulation accuracy (Kerdok et al., 2003). 
The principal drawback of MSMs, as one of the most promising non-physical 
approaches, is that they do not reproduce the constitutive laws to represent the mechanical 
parameters of the model (Niroomandi et al., 2012). The computation of such models is fast, but 
the iterative process of calculations is not robust. The modeler often needs to set the system 
parameters such as elasticity and damping coefficients, initial position, velocity of mass, and 
mass quality manually, from experience (Zhou, Luo, Li, & Deng, 2018). In order to increase 
the realism of a MSM, several complex techniques such as proposing angular springs for an 
anisotropic behaviour simulation (Liu, Shaoping, Hua, & Linyan, 2011), multilayer tissue 
simulation (Meehan, Teschner, & Girod, 2003), spring force direction dependency (Neumann, 
Sadler, & Gieser, 1998), non-constant stiffness (Picinbono, Lombardo, Delingette, & Ayache, 
2002), and damping factors (Georgii & Westermann, 2005) have been developed. 
In linked volume models, such as the basic approach and the ChainMail, the elements 
are rigid and indivisible, and local refinement techniques are required to improve the realism 
performance. Hence, the higher number of nodes and elements has led to possibly critical 
stability compared to MSM, although the volumetric behaviour of the model is improved 
LITERATURE REVIEW 26 
(Meier et al., 2005). However, the computational efficiency of the linked volume approaches 
afforded by the elements position adjustment techniques has made improvements in many 
medical applications such as percutaneous transhepatic cholangio-drainage (PTCD) simulation 
(Fortmeier, Mastmeyer, Schroder, & Handels, 2016). Medical applications with large volume 
deformations, in which millions of voxels are involved, can benefit from the simplicity of 
computations in linked volume models (Rodríguez et al., 2016; Rodríguez, León, Arroyo, & 
Mantas, 2015). 
The FEM can achieve high accuracy in large scale models, but this is achieved at the 
cost of slow computational performance. To enhance the computational performance of the 
FEM, a variety of techniques have been proposed. In precomputation approaches, the 
equilibrium equations are precomputed, then superposition principle is applied to determine 
nodal target variables (Cotin, Delingette, & Ayache, 1999). The main disadvantage of the 
precomputation methods is that they are only valid for a precomputed stiffness matrix 
configuration. The matrix condensation method limits the computations to a new matrix system 
involving only the target variables at surface nodes (Lee, Popescu, Joshi, & Ourselin, 2006; 
Wen Wu & Pheng Ann Heng, 2004). The condensation method is not suited to moderate 
deformations and rotations. To address these limitations, some researchers (Comas et al., 2008; 
Miller, Joldes, Lance, & Wittek, 2007; Taylor et al., 2008) employ Total Lagrangian Explicit 
Dynamics (TLED) algorithm for nonlinear models. The TLED considers all variables in 
reference to the initial status of the model, leading to three main advantages.  
1. Time derivatives with respect to the original configuration can be precomputed, 
leading to an enhanced computation.  
2. Error accumulation does not occur as each variable is computed compared to the 
initial configuration and the error at each time step does not add up.  
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3. External and internal masses and forces are lumped to the nodes, and so, the mass 
and damping matrices are formed in block diagonal matrices. This makes 
computations possible at element level, leading to enhanced computational 
performance. 
BEM benefits from the continuum mechanics accuracy but suffers from its scalability. 
The method is formed based on the assumption that the interior material is isotropic and 
homogeneous to limit the equilibrium integrals on surface. Hence, the BEM cannot 
accommodate the anisotropic and heterogeneous characteristic of soft tissue. Besides, the 
global matrix in the BEM is dense and asymmetric and needs to update at each timestep. 
Thanks to its enhanced computational performance compared to the FEM, BEM has found its 
application in many medical simulation procedures (Wang et al., 2007; Zhu & Gu, 2012). 
However, its application requires the derivation of complex fundamental solutions that proved 
to be impractical for non-research applications. 
Similar to BEM, the hybrid approach has difficulties in finding the balance between 
computational performance and realistic response model. The preselection of sections and the 
criteria involved in defining two operation and non-operation zones are a big challenge and has 
to be carried out manually. Further to this, the interface between the two modelling zones is 
problematic as both operation and non-operation zones are required to perform identically in 
the models’ interface (Meier et al., 2005). 
Despite the advantage of meshless approaches in handling large deformation and 
discontinuities, the model’s physical accuracy highly relies on the proper placement of the 
domain nodes (De, Kim, Lim, & Srinivasan, 2005). Besides, due to the complex procedure of 
employing FEM shape functions in meshless models, they usually have difficulty in handling 
sampled regions (Wittek, Grosland, Joldes, Magnotta, & Miller, 2016). 
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Overall, the realistic and interactive characteristics of medical simulations pose 
challenges to each other mutually, and performance improvement on one aspect is mainly 
achieved by the detriment of the other. Table 2-3 presents computational performance of some 
deformable models in the last decades. 
Table 2-3. Computational performance of deformable models 
Deformable model Year Properties Frequency Hardware 
Data-driven FEM 2009 1691 tetrahedrons 10 Hz not specified 
MTLED 2010 4314 nodes 67 Hz Intel P iv 3 GHz 
MSM 2016 15946 tetrahedrons 30 Hz Intel i7 3.4 GHz 
PCISPH 2016 250305 particles 2 Hz Intel i5 3.3 GHz 
ML 2017 394000 nodes (appx.) 3 Hz Intel i7 3.4 GHz 
The performance of deformable models presented in Table 2-2 and Table 2-3 confirms the 
difficulty in achieving a real-time interactive response while not sacrificing the physical 
accuracy of the simulation. This project aims to address the mentioned challenge in medical 
simulations and develop a real-time solution for accurate continuum mechanics models. 
2.3 Lack of Real-time Corrective Response   
The biological soft tissue structure is complex and often consists of different tissues 
layers with ligaments and fascia. Hence, forming realistic models can be very challenging. A 
common approach is to use FEM with experimentally defined constants characterising the 
material behaviour (Famaey & Vander Sloten, 2008). Zhang et al. (2019) used an iterative 
solution that alternates between high-quality 2D CTs estimates and a FEM-guided 3D 
deformation vector field (DVF) for automatic tumour localisation. 
However, the material properties of the soft tissue are highly patient-specific. Besides, 
soft tissue exhibits various behaviour under different external loading conditions. The elastic 
modulus of a healthy soft tissue such as muscle and liver ranges from 1 to 34 kPa, whereas the 
elastic modulus of some common types of cancerous tumours varies between 112 and 638 kPa 
(Guy Lamouche et al., 2012). The wide range of elasticity modulus makes it impossible to 
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develop a deformable model with high predictability solution that suits all deformation 
situations. 
Peeken et al. (2018) developed pre- and post-therapeutic ML-based models to predict 
soft tissue sarcoma’s (STS) death and progress at two years. In the feature importance analysis, 
patient’s age appeared to be a discriminative parameter in both pre- and post-therapeutic 
models. 
Hence, any deformable model with an accurate physics-based solution still suffers from 
the unpredictability of soft tissues in vivo behaviour in real-time applications. This project 
proposes a model that introduces the model error into the system equations. The error is 
validated through a set of experiments and is employed to correct the system estimates with 
the knowledge of the model’s uncertainty compared to the direct measurements. 
2.4 Partially Defined System Inputs 
The accuracy of any deformable model is entirely dependent on the accuracy of the 
system inputs. In deformation simulation of biological soft tissues for medical applications, the 
system input is usually the external load. However, the applied force on the target tissue cannot 
be tightly controlled and is often measured with medical instrument such as force sensors that 
generates substantive noise. Hence, the accuracy of the measured force, i.e. the system input, 
is not guaranteed. The inaccurate input reduces the reliability of the developed model in real-
time applications in which the system inputs are not fully known. 
Many efforts have been taken by researchers to address the uncertainty of the simulation 
system inputs. Zhao and Pelegri (2016) employed a Bayesian approach with an inverse FE 
characterisation procedure to estimate viscoelasticity of soft tissue in the presence of 
measurement noise. Mayeur, Witz, Lecomte-Grosbras, Cosson, and Brieu (2018) presented a 
non-intrusive method to assess mechanical properties of soft tissue. It was shown that 
mechanical properties of the tissue in the FE model need to be optimised to obtain the observed 
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displacement from MRIs. (Richardson et al., 2018) developed an experimental setup to 
measure the lung volume by tracking the surface deformation. It is seen from the obtained 
volume-pressure relationship that either measured variables can be very noisy under constant 
condition. 
This work aims to develop a predictive algorithm that can minimise the error of 
estimates despite noisy inputs of the system. In real-time applications while the true reference 
value is not known due to the measurement noise and the model error as explained in sections 
2.2 and 2.3, a robust predictive algorithm should be able to estimate the tissue response with 
acceptable accuracy, and this is in addition that the system inputs are not fully known. 
2.5 Tissue’s Nonlinear Behaviour 
Due to the computational complexity of medical simulators, most of the existing 
methods for simulating soft tissue deformation use linear elastic laws. The theory of linear 
elasticity assumes a linear relationship between the components of stress and strain. Also, strain 
components are linearly computed from displacement vectors, hence being able to simulate 
tissue’s small deformation only. However, nonlinear formulations are required to achieve 
higher physical accuracy for simulation of biological soft tissue deformation. 
Many geometrically nonlinear models have been proposed to address large 
deformations of soft tissue. Lim and De (2007) used a point-collocation-based method 
(PCMFS) to simulate nonlinear geometric tissue response in virtual surgery. Shaoping Xu, Liu, 
Hua Zhang, and Linyan Hu (2011) used a nonlinear tensor-mass model (TMM) for surgery 
simulation. The nonlinear corotational FEM has also been employed by many researchers 
(Courtecuisse et al., 2014; Courtecuisse et al., 2010; Plantefeve et al., 2016). 
However, most nonlinear models, as mentioned above, use a linear material law. In 
other words, they model large nonlinear deformations but still cannot simulate tissue’s 
deformation resulted from nonlinear material behaviour. Schwartz, Denninger, Rancourt, 
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Moisan, and Laurendeau (2005) developed a material nonlinear TMM in which the two Lamé 
constants were modified to represent the local nonlinear elastic behaviour. However, their 
model did not comply with the material’s constitutive laws. The most promising nonlinear 
hyper-elastic models have been the Total Lagrangian-based models. In this approach, the 
Second Piola-Kirchhoff stress tensor and the Green-Saint Venant strain tensor are employed 
with derivatives concerning the initial state of the domain configuration (Miller et al., 2007). 
Various Total Lagrangian-based methods, such as the Total Lagrangian SPH (Rausch et al., 
2017), Total Lagrangian FEM with implicit integration (Mafi & Sirouspour, 2014), MTLED 
(Horton et al., 2010), and Multiplicative Jacobian Energy Decomposition (MJED) 
(Marchesseau, Heimann, Chatelin, Willinger, & Delingette, 2010) have been developed to 
simulate large nonlinear deformation of the biological soft tissue with nonlinear material 
behaviour. 
Despite improvements in computer hardware and computational methods, the Total 
Lagrangian-based approaches present a challenge for the interactive applications due to the 
nature of such models’ computations being done in the element level which leads to lengthy 
calculations depending on the size of the mesh. This work aims to launch a computational 
algorithm that takes advantage of the TLED nonlinear performance but also achieves update 
frequencies within the range of real-time performance. 
2.6 Kalman Filter 
The Kalman filter (KF) has long been regarded as the optimal solution to many tracking 
and visual motion analysis tasks. KF is constructed as an optimal mean-square-error (MSE) 
filter that uses state-space techniques which enables the filter to be used either as a smoother, 
a filter, or a predictor. The state-space formulation of the filter also simplifies its 
implementation in a discrete domain (Simon, 2006).  
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KF estimates a process by using a form of feedback control: the filter estimates the 
process state at some time and then obtains feedback in the form of (noisy) measurements. As 
such, the equations for the KF fall into two groups: i) time update and ii) measurement update 
equations. The time update equations project the current state forward in time. The 
measurement update equations are responsible for the feedback. The time update equations can 
also be thought of as predictor equations, while the measurement update equations can be 
thought of as corrector equations. Indeed, the final estimation algorithm resembles that of a 
predictor-corrector algorithm for solving numerical problems. The process of finding the “best 
estimate” from noisy data amounts to “filtering out” the noise. However, a Kalman filter not 
only cleans up the data measurements but also projects these measurements onto the state 
estimate. Figure 2-5 shows the ongoing, recursive algorithm of the discrete Kalman filter.  
 
Figure 2-5. Kalman filter recursive algorithm 
The ability of the KF to predict data has led to it being used in a broad range of problems. 
KF has been employed by many researchers for material parameters estimation of an models 
(Hoshi, Kobayashi, Kawamura, & Fujie, 2007; Xi et al., 2011). Hasegawa, Shimayoshi, Amano, 
and Matsuda (2016) used KF to reduce the number of iterations in the coupling of 
cardiovascular simulations, leading to a faster computational performance. Ghahremani and 
Kamwa (2011) used KF for dynamic state estimation in power systems. (Suga & Kawahara, 
2006) used KF to estimate the tidal coastal flow. 
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2.7 Aims and Objectives  
As illustrated in section 1.1.2, modelling of soft tissue mechanics is one of the many 
essential components for a realistic and interactive simulation of a medical procedure. The 
deformation simulation of the target soft tissue has been identified as a crucial technology for 
the development of the second and third generations of the aforementioned medical simulators. 
Mechanics of the tissue must be identified; A reliable computational algorithm requires to be 
developed; Fast and robust programming techniques must be utilised to achieve a realistic and 
interactive simulation of a medical procedure. 
This work aims to establish a new algorithm to estimate soft tissue deformations and 
validate the response experimentally, but to also address the real-time manipulation of the 
deformable model. The main objectives are: 
• to achieve a real-time update frequency through a fast, computational algorithm that 
combines displacement measurements and uses the finite element model to model 
soft tissue behaviour in the spatial domain without sacrificing the accuracy,  
• to validate the proposed method experimentally, and reduce the error in 
computational predictions,  
• to modify the developed algorithm and consider the model’s input uncertainty 
resulting from the errors of force sensors, and finally 
• to address the geometrical and material nonlinearity of the soft tissue. 
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3 Deformation Estimation by KF-FEM 
 
In the first study, the spatio-temporal KF-FEM algorithm is developed. To this purpose, 
the FE equilibrium equation is temporally linearized with the help of the Newmark-b method. 
The developed model is then employed as the system equation of the Kalman filtering process. 
Displacement at some boundary nodes of the geometrical domain is measured and introduced 
into the developed filtering system as direct measurements. The proposed novel combination 
of the KF and the FEM uses the partially available measurement to enhance the computational 
speed as well as to expand the estimates in the spatial domain.  
3.1 Method 
3.1.1 System Equations 
Consider we collect displacement measurement from multiple adjacent mesh nodes that 
are in contact with the probe tip. The three directional measurement vector at discrete time 
point ! is defined as "! ≡ [%"# %"$ %"% %&# %&$ … %'$ %'%](. It is assumed that 
the measurement error, (, is spatially uncorrelated with normal distribution around zero, i.e. 
the white Gaussian noise. Hence, the measurement error has a diagonal covariance matrix ), 
i.e., (~(0, .)  and 01()(*(2 = )[4)*] , where 0[ ]  is the expected value, and 4)*  is the 
Kronecker delta function.  
Covariance is a measure of how much two random variables vary together, and the 
covariance matrix is a square matrix that the main diagonal elements are variances and all other 
off-diagonal elements are the covariance between corresponding elements. It is assumed that 
the error of the measured displacement at each point is independent from the error at other 
points. In other words, there is no correlation between measurement error of different points 
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when the measuring is repeated under identical conditions. So, in the covariance matrix ), as 
introduced above, all off-diagonal elements are zero. The diagonal elements, i.e., the variance 
of measurement error at each point is calculated from ∑ (6) − 6̅)&+)," (9 − 1)⁄ , where 9 is the 
number of measurements and 6̅ is the mean of the measurements under identical conditions.  
The target variable, <!, is the displacement vector at all mesh nodes at each time point. 
As the measurement vector addresses displacement at some nodes out of the entire spatial 
domain, it can be mapped from the target variable with a binary matrix, i.e. the measurement 
matrix =, as follows. "! = =<! + ? (3-1) 
Appendix A elaborates further with an example that shows how the measurement matrix B is 
formed to map the contact points displacement out of the entire geometrical domain. 
To be able to estimate the target variable <! , it should be defined through a linear 
discrete-time dynamic model in the global coordinate system as follows (Yarahmadian, Zhong, 
Gu, & Shin, 2017),  <!-" = C<! + DE!  (3-2) 
where E! is the system input. C and D are the transition and input matrices, respectively, and 
will be derived from the constitutive law’s equilibrium equation. The target variable <!  is 
estimated in two stages. In the first stage, hereafter called the prediction, the model calculates 
the expected value of the <!-" from equation (3-1), using the displacement measurement (") 
before but not including time ! + 1. The predicted value is called priori estimate and shown 
with 6G!-". . The priori estimates and covariance (H!-". ) of the system are calculated for each 
time step ! = 1, 2, … as follows, <I!-". = C<I!- + DE!  (3-3) H!-". = CH!-J( (3-4) 
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where J( is the transpose of the transition matrix; 6G!- and H!- are the posteriori estimate and 
covariance of the system using measurements up to and including time !, respectively. It is 
shown (Simon, 2006) that the recursive least squares Kalman filter is given by the following 
equations: L!-" = H!-". =((=H!-". =( + ))."  (3-5) <I!-"- = <I!-". +L!-"("!-" −=<I!-". ) (3-6) H!-"- = (O − L!-"=)H!-".   (3-7) 
where L!-" is the Kalman gain and O is the identity matrix. The term "!-" −=<I!-".  in the 
equation (3-6) is called the innovation. In fact, it is the difference between the predicted state =<I!-".  and the measured state "!-" at the next time step. 
3.1.2 Finite Element Formulation 
It is assumed that the target body domain obeys the linear isometric elastic material law 
in the range of small displacements. Tadepalli, Erdemir, and Cavanagh (2011) compared the 
performance of hexahedral and tetrahedral elements in FE models and discusses the suitability 
of such assumption. We discretize the geometrical body domain W into finite number of 4-node 
tetrahedral elements. Shape functions are calculated from: Q/(6, R, S) = 1 6TU (V/ + W/6 + X/R + %/S),										V = 1, 2, 3, 4  (3-8) 
where 
6T = %[\ ]1 6" R" S"1 6& R& S&1 60 R0 S01 61 R1 S1^  (3-9) 
and 
V" = %[\ `6& R& S&60 R0 S061 R1 S1a,     W" = %[\ `R& S& 1R0 S0 1R1 S1 1a 
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X" = %[\ `S& 1 6&S0 1 60S1 1 61a,       %" = %[\ `1 6& R&1 60 R01 61 R1a  (3-10) 
with the other constants defined by cyclic interchange of subscripts in the order 1, 2, 3, 4. The 
weak form of linear elasticity equilibrium equation, as further discussed in section 3.2, in terms 
of nodal displacement b in the element level is written as c/2b̈2 +L/2b2 = e/  (3-11) 
with the mass matrix c/2 = ∑ c/233 , and the stiffness matrix L/2 = ∑ L/233  for each nodal 
pair, and the external force e/ = ∑ e/33  at each node on the surface domain. b̈ denotes the 
nodal acceleration. The element mass and stiffness matrices are calculated from c/23 = ∫ g/hg2%Ωj4! ,      L/23 = ∫ k2(lk2%Ω4!  (3-12) 
where h is the density, k2 is the three-dimensional strain-displacement matrix calculated from 
k2 = mnQ2 n6⁄ 0 0 nQ2 nR⁄ 0 nQ2 nS⁄0 nQ2 nR⁄ 0 nQ2 n6⁄ nQ2 nS⁄ 00 0 nQ2 nS⁄ 0 nQ2 nR⁄ nQ2 n6⁄ o
(
  (3-13) 
and matrix p is 
l = 5("-7)(".&9) ⎣⎢⎢
⎢⎢⎡
1 − t t t 0 0 0t 1 − t t 0 0 0t t 1 − t 0 0 00 0 0 (1 − 2t) 2⁄ 0 00 0 0 0 (1 − 2t) 2⁄ 00 0 0 0 0 (1 − 2t) 2⁄ ⎦⎥⎥
⎥⎥⎤   
 (3-14) 
with x the elasticity modulus and t that is the Poisson’s ratio. By assembling all the elements 
into a global formulation and considering Reyleigh damping matrix y = X"c+ X&L, where X" 
and X& are determined experimentally, the equilibrium equation can be written as (Zienkiewicz, 
Taylor, & Zhu, 2013): cb̈ + yḃ + Lb = e  (3-15) 
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Equation (3-15) requires a temporal solution for the time duration of the analysis to be 
representable as the system equation of the Kalman filter. 
3.1.3 Implicit Time Integration 
To formulate the equilibrium equation ( 3-15 ) in the time domain, a temporal 
discretization method is required. The discrete time Newmark-b method describes how a state 
at time point \!  is determined at time \!-" . In short-time small deformations, the constant 
acceleration Newmark assumes that the nodal acceleration is constant between time points \! 
and \!-". Two Newmark formulas are as follows. b!-" = b! + ∆\ḃ! + (1 2⁄ − |)∆\&b̈! + |∆\&b̈!-"  (3-16) ḃ!-" = ḃ! + (1 − })∆\b̈! + }∆\b̈!-" (3-17) 
where ∆\ = \!-" − \! . The constant acceleration Newmark with coefficients | = 1 4⁄  and } = 1 2⁄  for its fast implicit and unconditionally stable performance (Zienkiewicz et al., 2013) 
is used to develop the proposed KF-FEM. We correlate each node’s displacement, velocity, 
and acceleration in equation (3-15) with the help of equations (3-16) and (3-17). 
3.1.4 KF-FEM Algorithm 
We take the displacement as the independent variable and find the velocity and 
acceleration from two independent Newmark formulas (3-16) and (3-17) as follows. b̈!-" = 4 ∆\&⁄ . (b!-" − b!) + 4 ∆\⁄ . ḃ! − b̈!  (3-18) ḃ!-" = 2 ∆\⁄ . (b!-" − b!) − ḃ! (3-19) 
Then, we insert equations (3-18) and (3-19) into the equation (3-15) and formulate the linear 
discrete-time dynamic FE equation as (4c ∆\&⁄ + 2y ∆\⁄ + L)b!-" = (4c ∆\&⁄ + 2y ∆\⁄ )b! + (2c ∆\⁄ + y)ḃ! +cb̈! + e!-". (3-20) 
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By defining  ≡ 4c ∆\&⁄ + 2y ∆\⁄ , Ä ≡ 2c ∆\⁄ + y , and Å ≡  + L , the developed KF-
FEM model can be written as 
b!-" = [Å."]b! + [Å."Ä Å."c Å."] ` ḃ!b̈!e!-"a. (3-21) 
We take the global displacement b!-" as the system state, i.e., <!-" in equation (3-2), and 
define other system parameters as C = [Å."] , D = [Å."Ä Å."c Å.:] , and E!-" =[ḃ! b̈! e!-"]( . The measurement matrix B  will be defined according to the boundary 
conditions of the body domain in a way that the observed displacements from the tissue 
manipulator’s tip addresses the relevant nodes from the surface domain. 
3.1.5 Real-time Approach 
As can be seen from equations (3-4), (3-5), and (3-7), calculation of the estimator 
covariances and the Kalman gain does not require measurement and state values. Hence, these 
calculations can be done before the simulation starts. We call this stage the offline phase. Hence, 
we run the proposed algorithm in two offline and online phases to improve the computational 
performance of the solver. In the online phase, the algorithm circulates through equations (3-3) 
and (3-6) to calculate the priori and posteriori estimates at each time step. The two-phase 
approach, as explained above, is crucial to achieve a real-time performance. Two phases of the 
developed KF-FEM algorithm are shown in Figure 3-1. 
3.2 Code Structure 
The proposed algorithm requires to be developed through a well-structured code script. 
This is to avoid repeated and unnecessary calculations and memory usage in the process of 
simulation. The code is divided into five sections that can be run separately. This approach 
eases the process of debugging and makes erasing of unrequired variables possible to enhance 
the computation. Five steps of the code structure include geometry preparation, forming 
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material properties, detecting boundary conditions, the offline phase of the KF-FEM, and the 
real-time phase of the proposed KF-FEM. The five stages of the programmed structure with 
key activities of each stage are illustrated in Figure 3-2. 
 
Figure 3-1. The KF-FEM algorithm 
3.3 Soft tissue deformation estimation by spatio-temporal Kalman filter FE method 
The performance of the developed algorithm is verified, and results are published. 
Please refer to Appendix B for details. 
3.4 Performance Evaluation 
For the comparison purposes, the FEM was carried out with Abaqus 6.14 using the 
implicit Newmark method to derive the displacement at the centre point of the contact area 
(hereafter, the observation point). Damping was set as recommended by (Taylor et al., 2008). 
The observation point displacement values from the FEM generated with Abaqus are taken as 
gold standard values (see Figure 3-4). 
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Figure 3-2. The proposed KF-FEM code structure 
3.4.1 Simulation Setup 
The developed KF-FEM was coded in MATLAB R2015b, and the initial value of the 
system state was set to zero. In other words, the initial state of the geometry is undeformed, 
and so, the system state that is the displacement vector of all nodes is set to zero. However, 
because of user errors and machine inaccuracies, the initial value of the displacement might 
not be zero in practice. Hence, the initial estimation error covariance was set 0.0001, i.e., a 
minimal but non-zero value. Measurements required for the KF system equations are generated 
artificially by adding a random white Gaussian noise to the valid values obtained from the FEM. 
The 3D surface scan of a pig liver was used to form and visualise the geometry. Then, the 
geometrical domain was discretized with two different number of linear tetrahedral elements 
to evaluate the effect of mesh complexity on the proposed method accuracy and computational 
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speed, as shown in Table 3-1. The tissue’s density, Poisson’s ratio, and Young’s modulus are 
from the literature (Chui, Kobayashi, Chen, Hisada, & Sakuma, 2004; Samur, Sedef, Basdogan, 
Avtan, & Duzgun, 2007).  
Table 3-1. The liver model mesh properties 
 Mesh 1 Mesh 2 
No. of nodes 1173 2162 
No. of elements 4094 7887 
Trials were conducted to study the behaviour of both meshes under the indentation 
condition (i.e., a compression force at one contact area). We applied a linearly increasing 
compression force over an area consisting of 8 elements from zero to 0.4 N to simulate the 
probe’s indentation. The force level was selected within the interaction force range of soft 
tissues that is 0.00004 N-92.0 N (van Gerwen, Dankelman, & van den Dobbelsteen, 2012). It 
is assumed that there is no rigid body motion that is a realistic assumption for this force 
magnitude (see Figure 3-3). 
 
Figure 3-3. Boundary conditions – mesh 2 (fixed nodes are marked with blue) 
3.4.2 Estimates Accuracy 
Figure 3-4 compares displacements at the observation point obtained by the proposed 
KF-FEM with the true values from the FEM and measurements (mesh 2). Besides, the 
normalized error percentage of estimates against measurements concerning the reference FE is 
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computed from 𝑒! = (𝑢" − 𝑢#$) 𝑢%&',#$⁄ × 100  for 𝑢" = 𝑢)# 	&	𝑢%*&+.  and illustrated in 
Figure 3-4.  
 
Figure 3-4. Displacement at the observation point from KF-FEM vs. FEM (left), and the normalized error 
percentage of estimates compared to the measurement (right) – mesh 2 
The median error reduction of 90.19% and 96.04% is achieved from mesh 1 and mesh 
2 simulations, respectively. Figure 3-5 shows percentage of the reduced error from 
measurements with the proposed KF-FEM. In addition to that, the absolute value of errors with 
their medians is computed and shown in Figure 3-6. 
 
Figure 3-5. The reduced error from measurements (percent) with KF-FEM – mesh 2 
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Figure 3-6. The absolute error of KF-FEM estimates vs. measurements – mesh 2 
3.4.3 Computational Speed 
Simulations were performed on a PC with Intel® Core™ i5-6500 CPU @ 3.20 GHz, 
8.00 GB RAM and 64-bit Windows 7. The computational performance of both the FEM with 
Abaqus and the developed KF-FEM with MATLAB was recorded to assess the computational 
power of the proposed method. Table 3-2 shows the total computational CPU time and the 
update frequency of each time step for both simulations. The computational time of the KF-
FEM was shorter, allowing to achieve the 25 Hz graphical refresh rate required for real-time 
visual. 
Table 3-2. The computational CPU time and the update frequency 
 Total CPU time [s] Update frequency [Hz] 
 FEM KF-FEM FEM KF-FEM 
Mesh 1 40.2 2.25 4.98 88.90 
Mesh 2 73.5 5.46 2.72 36.63 
Figure 5 shows the estimated deformation of the liver model (mesh 2) by the proposed 
KF-FEM. The maximum estimated displacement was 1.472 mm compared to the maximum 
displacement 1.434 mm obtained by the FEM using software ABAQUS, that is less than 3% 
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different. It should be noted that due to differences in colour definition contours in MATLAB 
and ABAQUS, displacement colour map obtained from either looks different. 
 
Figure 3-7. Deformed liver model from the FEM (ABAQUS, left) and the KF-FEM (MATLAB, right) – mesh 2 
3.5 Conclusion 
The proposed algorithm achieved an update frequency of up to 88.9 Hz, that compares 
favourably to the ~5 Hz computed from the FEM under identical boundary condition and 
simulation platform. Simulation results show the proposed KF-FEM achieved real-time 
computational performance without sacrificing accuracy. However, it should be noted that with 
increase in the number of elements in the mesh that is very probable in complex organs 
simulations, the update frequency will drop. Table 3-2 shows that the developed KF-FEM 
calculation frequency dropped ~58.8% between Mesh 1 and Mesh 2 simulations. Although a 
tiny segment of the geometry is required in computational simulation of small deformations, 
the graphics interface requires to be present in medical applications. Hence, an optimised 
hybrid algorithm can be a solution to present the graphics of the non-operation area 
deformation in combination with the developed KF-FEM in order to avoid sacrificing the 
computational speed of the operation area. 
The FEM does not consider the inaccuracy of the geometrical model concerning the 
real tissue. Also, due to changes in the material properties of the soft tissue as well as the 
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boundary conditions, the employed FE model response is not guaranteed. As described in this 
chapter, the FE model was used as the golden standard model to verify the estimates from the 
proposed KF-FEM. The uncertainty of the geometrical model requires to be considered in real-
time applications. In the next chapter, the project elaborates how to involve the model error in 
the system equations and validates the results experimentally.  
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4 Experimental Validation 
  
The constitutive methods approaches are fully predictive. In other words, giving known 
inputs to the system, the output would be entirely determined. It means that any uncertainty in 
system inputs reflects in the output exactly. This is not a realistic condition, especially for soft 
tissues with highly varying material properties. Hence, as further presented in sections 2.3 and 
2.4, the geometrical model involves error as well as the experimental observations. The KF 
allows integration of the model error into the system equations, and the novel combination of 
the KF with the FEM leads to an algorithm that balances the uncertainty of the measurements 
and the model. 
In this chapter, it is explained in the first section of how the model error is inserted into 
the developed system equation. Then, the procedure to prepare phantom tissue is presented, 
and test setup, as well as the results of the experiment, are illustrated. The proposed algorithm 
performance is compared with the experiments and the reference FEM. The outcome is 
discussed at the end. 
4.1 Method 
Assume the linear discrete-time dynamic model, Equation (3-2), involves error Ö as 
follows, <!-" = C<! + DE! +Ü  (4-1) 
where Ü is the system noise, assumed to be white Gaussian with known diagonal covariance 
matrix á, i.e., Ü~(0,á) and 01Ö!Ö*(2 = á[4!*]. The measurement noise ? was taken into 
account when formulating the proposed system via equation (3-1). It is crucial that the 
measurement and system noises be uncorrelated, i.e., 01?!Ü*(2 = 0. It is shown that the priori 
covariance of the estimates is influenced by the model error as following (Simon, 2006), 
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H!-". = CH!-C( + á. (4-2) 
The proposed algorithm considers the model error in the estimation by replacing equation (3-4) 
with (4-2). Hereafter, we call this algorithm the UNCM.KF-FEM, representing the KF-FEM 
with an uncertain model. The rest of the procedure operates as described in section 3.1. 
However, the error of the model requires to be assessed and calculated with the help of 
experiments. A set of indentation tests is designed and conducted for this purpose.  
4.1.1 Specimen Preparation 
Silicone is a suitable base material for flexible fabrication of phantom tissues. By using 
various (Cross-linker: Catalyst) mixing ratios, the elasticity modulus of as high as ~5 MPa is 
reported in the literature (G. Lamouche et al., 2012; Moser et al., 2016). Adding PDMS 
(polydimethylsiloxane) oil softens the silicone to achieve elasticity modulus of as low as 10 
kPa. However, the material preparation formulations to produce such low elasticities need 
several weeks to cure if not heated (G. Lamouche et al., 2012). Hence, by choosing an 
appropriate mixing ratio and fabrication process, it is possible to obtain phantoms with 
mechanical properties covering a wide range of tissues. 
 Silicone commercial kits can be purchased from manufacturers. EcoFlex00-30 
(Smooth-On) is a highly elastic low modulus silicone kit that is commonly used to mimic 
human soft tissue behaviour. It includes compound and catalyst, and elasticity modulus of 
35~69 kPa can be achieved by following the manufacturer instructions (Jeong, Zhang, Hjort, 
Hilborn, & Wu, 2016). It cures at room temperature in 4 hours with negligible shrinkage. The 
low viscosity before cure ensures easy mixing and de-airs the bubbles out of the mould 
naturally if poured with the constant and uniform flow into the mould. 
We followed the manufacturer instructions to obtain tissue with 50 kPa elasticity; 
however, up to 10% error in the result is expected due to the manual procedure of producing 
the material. We chose 50 kPa, and not softer, due to the difficulties and the limitation we had 
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in the size of the samples as well as the small ranges of force that the machine in our 
experiments could apply. We prepared the samples in blocks of 100 × 100 × 20	𝑚𝑚; then cut 
in species of 10 × 10 × 5	𝑚𝑚  for the indentation test. The manufacturer instruction was 
followed carefully to achieve a homogeneous phantom with the required elasticity.  
4.1.2 Test Setup 
We conducted ten indentation tests on the samples made from silicone. The 
compression machine TMA-Q400 was used in the room temperature for experiments. The 
samples had the density 1068 𝑘𝑔 𝑚!⁄  on average. A rigid circular flat-end probe with diameter 
2.85 mm was used for indentation. It was assumed that the indenter tip is frictionless, and the 
force was applied to the centre of the tissue’s surface, linearly increasing from 0.01 N to 0.4 N. 
The loading condition was chosen similar to the literature (Fu & Chui, 2014). The applied force 
and the observed displacement were recorded, and the experiment results were used to validate 
the UNCM.KF-FEM. The force and displacement measurement values obtained from the 
indentation tests on ten silicone samples are presented in Figure 4-1. 
 
Figure 4-1. Force-displacement measurements from the indentation test on ten silicone samples 
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4.2 Experiment Results 
As earlier stated at the beginning of this chapter, constitutive approaches provide a fully 
predictive result. In other words, a given known input always ends in the same output from the 
model. To illustrate this matter, we conducted a one-by-one comparison between the FEM and 
the UNCM.KF-FEM given the ten different measurement values obtained from experiments, as 
shown in Figure 4-2 to Figure 4-6. The material properties and the boundary conditions used 
in the FEM and KF-FEM are identical. The FEM model with the same size as the sample was 
created in MATLAB R2015b. The model was discretised into 4941 tetrahedral elements. 
It is seen in all ten plots shown in Figure 4-2 to Figure 4-6 that the FEM response under 
identical boundary conditions and model inputs is constant. But experiment results under the 
same condition changes moderately at each sample due to the complex behaviour of soft tissue. 
It is seen that the UNCM.KF-FEM estimation varies with the help of the available 
measurements at the time of the simulation. By integrating the potential model error concerning 
the measures into the system equations, the UNCM.KF-FEM estimates the displacement in a 
matter to minimise the error between the estimates and the FEM model versus measurements. 
 
Figure 4-2. The KF-FEM vs. FEM response in comparison with the measurements (samples 1 and 2) 
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Figure 4-3. The KF-FEM vs. FEM response in comparison with the measurements (samples 3 and 4) 
 
Figure 4-4. The KF-FEM vs. FEM response in comparison with the measurements (samples 5 and 6) 
 
Figure 4-5. The KF-FEM vs. FEM response in comparison with the measurements (samples 7 and 8) 
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Figure 4-6. The KF-FEM vs. FEM response in comparison with the measurements (samples 9 and 10) 
It should be noted that displacement plots obtained from measurements as well as 
simulated by the FEM, as in Figure 4-2 to Figure 4-6, show a smooth behaviour from the soft 
tissue. However, these plots cannot be real. The reason is that the measurement sensor flattens 
measured values according to their update frequency limit. Also, the FEM does not account for 
human precision in performing tissue manipulation. On the other hand, the noisy displacement 
estimated by the KF-FEM seems to represent the operation closer to reality. The fluctuations 
in the estimated displacement are in Microscale, which if a haptic device is used by the operator, 
the noise will not be sensed by the operator’s hand. 
4.2.1 Computational Performance 
Because of the one-step recursive computational algorithm of the UNCM.KF-FEM, the 
computational performance is significantly enhanced in comparison with the FEM. The FEM 
analysis took 36.2 seconds on average to complete the simulation, but the UNCM.KF-FEM 
completed the job in 659 milliseconds on the same computational platform. The computation 
speed and the equivalent update frequency of both methods is presented in Table 4-1. Further 
details of the experiments result, as published in Yarahmadian et. al., 2019 is presented in 
Appendix C. 
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Table 4-1. Computational performance of the UNCM.KF-FEM vs. the FEM 
 FEM KF-FEM 
Computational time (s) 36.2 0.659 
Update frequency (Hz) 2.7 145.7 
4.2.2 Estimates Accuracy 
We calculated the root-mean-square error (RMSE) of the UNCM.KF-FEM versus the 
FEM concerning the reference measurement from the six samples out of ten with smallest 
errors. The RMSEs and the calculated average error is shown in Table 4-2. The average error 
shows less than 0.5% decrease in accuracy from the KF-FEM compared with the employed 
FEM. 
Table 4-2. RMSE (mm) of KF-FEM vs. FEM against measurements at the indenter's tip 
 sample 1 sample 2 sample 3 sample 4 sample 5 sample 6 Avg. error 
FEM 0.049 0.037 0.041 0.034 0.045 0.039 4.08% 
KF-FEM 0.054 0.041 0.045 0.039 0.050 0.044 4.55% 
The displacement response computed by FEM at four steps of applying the external 
force from 0.01 to 0.4 N is compared with the median estimate obtained from the KF-FEM and 
the median measurement. This comparison, accompanied by the standard deviation of 
measurements and estimates from their medians, is shown in Figure 4-7. 
It is seen that the UNCM.KF-FEM result is in good agreement with the experiment result. 
As can be seen, the UNCM.KF-FEM does not rely on the FEM model result only. It gets 
advantage from the available measurements as well. Knowing that the FEM model and 
measurements are both with some extents of inaccuracy, the KF-FEM optimizes the target 
variable estimates by minimizing the mean square error of estimates. In addition to that, as can 
be seen from Figure 4-7, the developed method estimates show a smaller deviation from the 
median of responses in comparison with the measured displacement in the same load condition. 
In other words, the displacement values computed by the KF-FEM are more consistent than 
the measured displacements.  
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Figure 4-7. The UNCM.KF-FEM vs. Measurement median displacement from ten samples in comparison with 
the FE model 
4.3 Real-life Application 
We validated the developed algorithm performance with experiments and presented the 
results in terms of accuracy and speed in section 4.2. However, the simulations were done under 
ideal circumstances that the sample material properties were known, and the exact value was 
used by both FEM and KF-FEM methods. 
Human liver becomes stiff as fibrosis spreads out. Sandrin et al. (2003) found out that 
the elasticity of fibrotic livers varied from 3.35 to 69.1 kPa. (Umut Ozcan, Ocal, Basdogan, 
Dogusoy, & Tokat, 2011) in a study showed that the liver elasticity is frequency-dependent, 
and whereas it varied from 10 to 20 kPa in healthy livers, it can vary from 20 to 50 kPa in 
cirrhotic livers. 
The silicon tissues were made with the formulation to have the elasticity 50 kPa.  The 
exact value of the elasticity was used in both FEM and the UNCM.KF-FEM methods. However, 
in real-life situations, soft tissue’s material parameters are highly patient dependent. Besides, 
diseased tissue might show a different behaviour, especially concerning the stiffness and the 
scale of the elasticity. To show the significance of the UNCM.KF-FEM in real-life applications, 
we ran simulations with 𝐸 = 45	𝑘𝑃𝑎, whereas, the samples had elasticity 50 kPa. In other 
words, we simulated a situation that the tissue, that is diagnosed with fibrosis, has larger 
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elasticity than the one used in the FEM, leading to smaller deformations than the FEM 
prediction. Table 4-3 compares the average error of both solutions against the maximum 
observed displacement. It is seen by some small uncertainty in the material properties of the 
tissue, the FEM error increases significantly in comparison with the estimates error from the 
UNCM.KF-FEM. 
Table 4-3. RMSE (mm) of the UNCM.KF-FEM and FEM with wrong elasticity against measurements 
 sample 1 sample 2 sample 3 sample 4 sample 5 sample 6 Avg. error 
FEM 0.056 0.082 0.078 0.069 0.065 0.076 7.10% 
KF-FEM 0.056 0.056 0.057 0.049 0.057 0.056 5.52% 
Compared with the results provided in Table 4-2, the FEM error increased 3.02%, but 
the KF-FEM error increased 0.97% only. Figure 4-8 compares the displacement estimates from 
the UNCM.KF-FEM and the FEM analysis versus the random normal distribution of the 
measurement values around the mean. 
 
Figure 4-8. Displacement from the uncertain FEM and KF-FEM against experiments 
It is seen from Figure 4-8 that the FEM analysis is diverging from the measurements. 
This is because the reference solution has assumed a softer behaviour from the tissue. But the 
UNCM.KF-FEM can balance the estimates between the uncertainty of the model and 
measurements. 
EXPERIMENTAL VALIDATION 62 
4.4 Conclusion 
The developed UNCM.KF-FEM achieved an update frequency of 145.7 Hz for the 
deformation of the experimentally tested phantom tissues. Results with the update frequencies 
above 25 Hz confirm the capability of real-time computational performance of the method. 
Being capable of involving both measurement and model errors in the system equations, the 
developed KF-FEM achieved reasonable deformation accuracy compared to the outcome from 
the FEM. The generated KF-FEM results were more consistent that the measurement, which 
confirms that the noise of measurement tools should not be ignored in real-time simulations. 
Furthermore, the experiments confirm that the temporally linearized FEM is reliable within the 
applied displacement range. Hence, the KF can be employed.  
In practice, force values are collected by force sensors, leading to noisy inputs for the 
system equations. The accuracy of the estimates highly depends on the efficiency of the inputs. 
Careful considerations are required to account for the system’s input uncertainties. In the next 
chapter, the project addresses the problem of noisy inputs in real-time applications and how to 
differentiate them from the model error. 
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5 Modified Algorithm for Uncertain System Inputs 
  
In the last two chapters, a real-time numerical solver was developed and validated 
through experimental data. Both developed algorithms, KF-FEM and UNCM.KF-FEM, were 
able to simulate small deformations of the soft tissue with frequencies of higher than 25 Hz, 
with the help of direct measurements from the tool-tissue contact area. However, in real-time 
mechanical problem, the accuracy of the individual results is entirely dependent on the 
accuracy of the loading inputs that form the boundary and initial conditions. 
It was shown in Figure 4-1 that although the experiment setup was constant in all the 
tests, the force-displacement values measured by the sensors differed. In other words, a 
constant displacement value (horizontal line in the figure) was obtained from various force 
values. In the conducted experiments in chapter 4, the observed force from the sensors had 
noise, but the loading value was considered as a known noiseless input in the simulations. This 
is a specific disadvantage for practical problems where noisy inputs are unavoidable, and then 
the time derivatives further exacerbate their effect (Dabnichki, Lauder, Aritan, & Tsirakos, 
1997). Also, to fully validate and optimize the predictive power of a computational model one 
may need to build physical models that control both the inputs and outputs requiring both time 
and resources (Gardano & Dabnichki, 2006). Figure 5-1 shows the developed KF-FEM in 
chapter 3, and highlights the modification required to address the uncertain system inputs. 
To this purpose, we need to consider the uncertainty of the system input, i.e., the 
external force in equation (3-21) and modify the developed KF-FEM. A dynamic filtering 
algorithm is explained in Section 5.1, which is defined as a state estimation problem from noisy 
input and output. The differential equations of the soft tissue deformation are further modified 
to meet the requirements of the mentioned algorithm. The estimated displacement from the 
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modified KF-FEM model (hereafter, UNCI.KF-FEM for the KF-FEM algorithm with uncertain 
inputs) are verified and compared with the FEM and the developed KF-FEM under identical 
system input, that is the noisy force.  
 
Figure 5-1. The UNCI.KF-FEM algorithm vs. the KF-FEM 
5.1 Method 
The deterministic discrete-time linear system with time-invariant parameters is 
considered with a set of measurements as follows, <!-" = ä<! + ãE!, "! = ℂ<! +çE! (5-1) 
where the system input, E!, and the output, "!, are measured at time point ! with the error 
models S!' = S! + S̃! ,					R!' = R! + Rè!. (5-2) 
The vector of measurement errors is a stationary, white Gaussian noise with positive-definite 
block diagonal covariance matrix T = Wê!%ëVâ(T%A , T$A). The target of the defined noisy I/O 
model (equations (5-1) and (5-2)), hereafter modified model, is to find the least square 
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estimates of the state < from the measured I/O data Ü!' ≔ Xìê(S!', R!'). The system noise (" 
and the measurement noise (& have a joint covariance matrix as follows.  
îá ïï( )ñ ∶= Xì((ò("(&ô = ò−ã 0−ç jô öT%A T$Aõ ò−ã 0−ç jô( (5-3) 
Substituting S!' − S̃!  for E!  and R!' − Rè!  for "!  in the system equations (5-1), the 
process and measurement equations can be written as <!-" = ä<! + ãE!' − ãEè!, "!' = ℂ<! +çE!' −çEè! + "ú! (5-4) 
where a fake system noise (" ≔ −ãEè!  and measurement noise (& ≔ −çEè! + "ú!  can be 
introduced into the system. It is shown (AlMutawa, 2012; Markovsky & De Moor, 2005) that 
the Kalman filter corresponding to the modified system, i.e., equations (5-4), with covariance 
(5-3) is: ù!-" = !!Bù! + k!!BÜ!', <I! = y!!Bù! +l!!BÜ!' (5-5) 
where the one-step-ahead prediction, ù!-", is defined by the optimal state estimate, <I!, and 
the optimal input estimate EG!. The ù!-" can be called the modified state, that is a function of 
the system state (displacement) and system input (force) calculated as follows, ù!-" = ä<I! + ãEG!. (5-6) 
The time-variant coefficients of the modified system (5-5) are calculated from û!!B = ä − ü!ℂ, †!!B = [ã − ü!ç ü!], °!!B = j − H!ℂ((ℂH!ℂ( + .)."ℂ, p!!B = H!ℂ((ℂH!ℂ( + .)."[−ç j] (5-7) 
where the Kalman gain, ü!, and the estimation error covariance, H!, are calculated from 
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ü! = (äH!ℂ( + ¢)(ℂH!ℂ( + .).", H!-" = äH!ä( − (äH!ℂ( + ¢)(ℂH!ℂ( + .)."(äH!ℂ( + ¢)( + £. (5-8) 
By knowing the one-step-ahead prediction, ù!-", and the optimal state estimate, <I!, 
from equation (5-5), we can calculate the optimal input estimate, EG!, at each time step. In fact, 
equation (5-6) and the modified Kalman filter (5-5) imply that EG! = §!ù! +•!Ü!' (5-9) 
where §! ≔ −T%Aç((ℂH!ℂ( + .)."ℂ, and •! ≔[j − T%Aç((ℂH!ℂ( + .)."ç −T%Aç((ℂH!ℂ( + .)."]. The optimal output estimate is 
calculated from "I! = ¶ℂ°!!B +ç§!ßù! + ¶ℂp!!B +ç•!ßÜ!'. (5-10) 
With the set of equations from (5-1) to (5-10), we have an explicit solution for the UNCI.KF-
FEM. The proposed UNCI.KF-FEM operates in a similar way to the developed KF-FEM in 
chapter 3 by predicting one-step-ahead the modified state ù!-" and the optimal system state <I! with equation (5-5). The optimal system input EG! is then calculated from equation (5-9), 
and finally the modified state ù!-" in the next step is corrected using equation (5-6). After 
formulating the algorithm, the block diagram of the proposed UNCI.KF-FEM is provided in 
section 5.2.2. 
5.2 Application in Soft Tissue Deformation 
To apply the proposed UNCI.KF-FEM in soft tissue’s deformation applications, we 
require to reformulate the material equilibrium equation into the form of the proposed method 
set of equations (5-1). The measurement and system input equations should be formulated to 
meet the criteria mentioned as requirements of the set of equations (5-2). 
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5.2.1 FEM Formulation for the UNCI.KF-FEM 
Using the explicit Newmark method with the equilibrium differential equations, the 
displacement of the soft tissue was introduced as the system state in chapter 3. Then the state 
equation was reformulated as equation (3-21) to meet the requirements of the proposed KF-
FEM. However, by introducing the system input noise into the algorithm, the state equation 
(3-21) requires modification to meet the essential criteria of the proposed UNCI.KF-FEM, as 
explained in section 5.1. 
First, the measurement errors of the input and output must be uncorrelated. Second, the 
input measurement should not be state-dependent in order to the system equation being 
solvable by the modified KF. In other words, the displacement measurement error should be 
independent from the displacement value. It should be noted that the system input is defined 
as E!-" = [ḃ! b̈! e!-"]( in the state equation (3-21), which involves the nodal velocity, 
acceleration, and the external force. The input measurement error comes only from the force 
measurement that is uncorrelated to the output measurement, i.e., displacement measurement. 
Hence, the first criterion, as mentioned above, is met with the proposed FEM state equation in 
Chapter 3. However, the second criterion, that states the independency of the input 
measurement error and the system state, i.e. the displacement, is not met. 
In the small ranges of displacement made in a short period, the dominant driving input 
is the external force. Hence, the nodal velocity and acceleration derived from the movement 
have a negligible effect on the system state, that is the one-step-ahead prediction of 
displacement. So, the system input can be modified and defined as E!-" ≔ e!-" , that is 
independent of the system state and meets the second criterion of the UNCI.KF-FEM. 
By ignoring the damping effect in the small deformations in a short time simulation as 
suggested in literature (Taylor et al., 2008), the modified FEM-based system equations are as 
follows. 
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b!-" = 4c(4c ∆\&⁄ + L)." ∆\&⁄ b! + (4c ∆\&⁄ + L)."e!-", "! = ℂb! (5-11) 
The nodal displacement at the tool-tissue contact area is considered as the output, "!, 
and so, the output measurement does not include the external force as a variable. Hence, the 
measurement matrices are defined as ç = 0  and ℂ  to be a binary matrix that maps the 
measured displacement to the global vector of displacement. Comparing the modified state 
equation (5-11) with equation (5-1) implies that: 
• The system input is E! = e!-" with the control matrix ã = (4® ∆\&⁄ + ü).", 
• The system state is <!-" = b!-" with the transition matrix ä = 4®.ã ∆\&⁄ , 
• ç = 0, and ℂ is the binary measurement matrix. 
The modified model parameters are calculated from equations (5-7) and (5-8), and will be used 
in the modified system set of equations (5-5) to calculate the optimal input and output estimates 
from equations (5-9) and (5-10). 
5.2.2 The Modified Algorithm 
With the method elaborated in sections 5.1 and 5.2.1, we have the solution for 
deformation estimation using noisy force and displacement measurements. Similar to the 
developed KF-FEM in chapter 3, some equations are independent of the measurements, and 
thus, can be calculated before the simulation runs. In real-time applications, this step is 
sometimes called the offline stage. Figure 5-2 shows the block diagram of the computation in 
the offline stage of the proposed UNCI.KF-FEM. 
The calculation of the offline stage is an essential step in the real-time capability of the 
proposed algorithm. By pre-assessment of the offline stage and the convergence of the 
estimation error covariance towards the zero, the model is ready to run in real time. The I/O 
measurements (e!-" , "!-" ), the modified system coefficients (û!!B , †!!B , °!!B , p!!B ) and 
optimal input coefficients (§!, •!), both from the offline stage are used to predict the modified 
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state (ù!-"). Then, the optimal state (<I!), input estimates (EG!), and the output estimates ("I!) 
are calculated in the correction step. Figure 5-3 shows the real-time stage block diagram of the 
proposed UNCI.KF-FEM. 
 
Figure 5-2. The UNCI.KF-FEM offline stage 
5.3 Performance Evaluation and Comparison 
A cubic model of size 8 × 8 × 3	àà is simulated to evaluate the performance of the 
modified algorithm with noisy I/O. The first order tetrahedral element is used to discretize the 
cube into 2062 elements compound of 549 nodes. Material properties are the same as properties 
as explained in section 3.4. It is assumed that the cube sits immobilized on its largest surface. 
A circular flat-end indenter with radius 2	àà applies force to the centre of the top surface 
(hereafter, the observation point) linearly increasing from 0 to 0.1	Q . For the comparison 
purposes, the FEM was carried out with Abaqus 6.14 to derive the displacement at the 
observation point. The displacement values from the FEM generated with Abaqus are taken as 
gold standard values. 
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Figure 5-3. The UNCI.KF-FEM real-time stage 
5.3.1 Initial Error Recognition 
Noisy input and output are generated artificially by adding zero-mean Gaussian noise 
to the gold standard force and displacement values of the FEM at the observation point. As 
stated in equation (5-2), the measurement error in the UNCI.KF-FEM method is a two-element 
vector representing the system output and input errors, Rè! and S̃! respectively. Although the 
I/O errors are independent, the various combination of the errors results in different capacities 
of noise filtration via the proposed algorithm. 
To find the optimum measurement error covariance, we formed a 11 × 11 grid of 
measurement errors in the range of the artificially generated noise magnitude (see Figure 5-4). 
In Figure 5-4, the horizontal axes are the input and output (force and displacement respectively) 
measurement error covariances, and the vertical axis shows the combined filtered noise. The 
simulation was run with initial T%  and T$  as shown at each grid point. Then the combined 
filtered noise from the measured force and displacement obtained by the developed UNCI.KF-
FEM was calculated and shown as the third dimension of Figure 5-4. This process was repeated 
for every grid point, leading to 121 runs. The maximum filtered noise (z value) was figured out 
from the plotted surface, and the x and y values of that specific point were considered as the 
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optimised initial measurement error covariance in that range. By moving the grid values 
towards the maximum filtered noise (as shown in steps 2 and 3 of Figure 5-4), we repeated this 
process two more times. In other words, the simulation was run 363 times in total to find the 
optimum initial value of the I/O error covariances. Figure 5-4 illustrates the procedure of 
finding the optimum measurement error covariance. The error covariances with the maximum 
combined filtered noise, as shown with the coordinate box in stage 3 of Figure 5-4, were 
selected as the initial value of the measurement error covariances.  
 
Figure 5-4. Initialisation of the measurement error covariance 
5.3.2 Simulation Results 
5.3.2.1 Computation speed. 
In order to calculate the update frequency of the proposed UNCI.KF-FEM, the total 
computation time of each simulation out of 363 runs was calculated and divided by the number 
of time steps in the simulation. The average computation time of each time step by the 
UNCI.KF-FEM was 0.0076 seconds. Hence, the update frequency is approximately 131.6 Hz 
that is significantly larger than the target 25 Hz. 
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5.3.2.2 Deformation accuracy. 
Figure 5-5 compares the displacement values at the observation point from the FEM 
with noiseless input (i.e., the external force) with the simulation outcome from three other 
models. The first model uses the FEM given the noisy force. The second and third model use 
the developed KF-FEM and its modified version, respectively, given the same noisy force as 
the first model. 
 
Figure 5-5. Comparing displacement values from the developed KF-FEM and its modified algorithm with the 
FEM 
It can be seen from Figure 5-5 that the estimated displacement by the modified KF-
FEM (the purple line) is more accurate than the standard developed KF-FEM (the yellow dash 
line). This is because the KF-FEM either takes the noisy force as the actual values and so, 
reflects the force error in displacement estimates, or adds the force error to the model error and 
thus, accounts the force noise as the error of the model and diverges from the FEM calculations. 
Besides, the classic FEM given the noisy force (the red line) replicates the input error in the 
outcome, that is the displacement. Inevitably the FEM reproduces the force error in the 
displacement. The initial developed KF-FEM takes force uncertainty as a system error and 
corrects the result from the state equation towards the obtained measurements. However, the 
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proposed UNCI.KF-FEM does not compromise the reliability of the model by incorporating 
the noise of the applied force measurement. 
The normalised error percentage of the measurements, the FEM with noisy inputs, and 
the UNCI.KF-FEM with reference to the golden FEM is calculated from [; =(Ç) − Ç<5C) Ç'/#,<5C⁄ × 100  for Ç) = Ç'3/?.	&	Ç+D)?$.<5C 	&	ÇE;FG.><.<5C . Then, the 
standard deviation of the obtained errors, [;,  is calculated to evaluate the consistency and 
reliability of the discussed methods estimates. (see Table 5-1). Results showed 23.6% 
improvement in estimates accuracy of the proposed UNCI.KF-FEM compared to the FEM with 
noisy input force. Also, the UNCI.KF-FEM filtered 58.1% of the measurement noise. In 
addition to that, the normalised error standard deviation of the discussed solution in a random 
point, in which measurement is not available, is calculated and presented in Table 5-1. It is seen 
that displacement estimates with 31.3% higher accuracy than the FEM with respect to the gold 
values are achieved.  
Table 5-1. The models normalized error [%] standard deviation 
 Observation point Random point 
noisy displacement 1.142 - 
FEM w. noisy force 0.6265 0.6265 
UNCI.KF-FEM 0.4787 0.4302 
5.4 Conclusion 
The proposed algorithm achieved its two main goals. The update frequency of the 
deformation estimation is improved from around 3~5 Hz for the FEM to approximately 131 
Hz for the UNCI.KF-FEM within the same geometrical domain. The proposed UNCI.KF-FEM 
not only incorporated real-time measurements to enhance the computational process of 
displacement estimation but also reduced the effect of the error in the measurements. Around 
60% of the noise in the displacement measurement was filtered by the UNCI.KF-FEM. Further 
to this, the UNCI.KF-FEM could differentiate the input uncertainty from the system error, 
leading to more accurate estimates compared to the FEM with the noisy boundary forces.  
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Further research should aim to relax the requirement for linear elastic behaviour, i.e., 
to expand the method beyond small deformations. The next chapter is focused on large 
nonlinear deformation of soft tissues. 
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6 Large Nonlinear Deformations 
  
The behaviour of biological soft tissues is well known to be nonlinear, hence much 
probable to undergo large displacements in any medical application that the tissue deformation 
is involved. Through chapters 3 to 5, this project has developed a real-time optimal numerical 
solver that benefits from the accuracy and realistic approach of the FEM, combined with a 
filtering algorithm that employs direct measurements to enhance the computational 
performance of the soft tissue deformation estimation. However, simulation results were 
verified and experimentally validated within the small linear scale of deformations. Hence, the 
incorporation of nonlinear soft tissue deformation is needed. 
This chapter combines the Total Lagrangian Explicit Dynamics (TLED) with the 
optimal estimator Kalman filter. We’ve called this combination the NLTL.KF-FEM. The 
employment of the TLED approach in the NLTL.KF-FEM makes calculations possible in local 
3-dimensional finite elements of the spatial domain, leading to improved computational 
performance. As further explained in the following sections, the equilibrium differential 
equations need modification to suit the system equations of the proposed NLTL.KF-FEM. 
Besides, advanced programming techniques, such as N-dimensional arrays and data structures 
as further will be explained in section 6.4, are used to avoid slow iterative processes of 
computation in the mesh element level. 
6.1 Total Lagrangian Explicit Dynamics 
Computing the deformation of soft tissue requires efficient integration of time into the 
dynamic equation of equilibrium. In explicit FEM, the central difference method is used to 
calculate the acceleration at the beginning of the governing equation, then to determine the 
unknown nodal displacement. Total Lagrangian Explicit Dynamics (TLED) approach 
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eliminates the requirement for iteration at each time step, leading to an efficient algorithm for 
real-time applications (Miller et al., 2007). An overview of the TLED algorithm, as described 
by Taylor et al. (2008), is presented in this section. 
6.1.1 Displacement-based Framework 
We study the deformation of the target tissue through the displacement of material 
points in the body domain. It is assumed that the external loads and boundary conditions are 
well defined, and the motion of the body is studied in a fixed global Cartesian coordinate 
system. The coordinate of a material point is given by 𝑥! , and the displacement vector is given 
by 𝒖!  at time point 𝑡. The deformation gradient tensor is calculated from 𝑋"#$! = 𝜕 𝑥"! 𝜕 𝑥#$'  (6-1) 
where the Latin right subscript, ranging from 1 to 3 in three dimensions, indicates the tensor 
components; the left superscript is the configuration in which the quantity occurs, and the left 
subscript is the configuration with respect to which the quantity occurs. As can be seen from 
equation (6-1), in the Total Lagrangian method, the deformation is calculated concerning the 
undeformed status. From the deformation gradient, the Right Cauchy-Green deformation tensor 
can be written as 𝑪$! = 𝑿%$! 𝑿$!  (6-2) 
where 𝑿%$!   is the transpose of the deformation gradient tensor, and subsequently the Green-
Lagrange strain tensor 𝑬$!  is calculated from 𝑬$! = &' ( 𝑪$! − 𝐼). (6-3) 
An appropriate stress measure is required for use with the Green-Lagrange strain. The 
Cauchy stress tensor 𝝈, also known as true stress tensor, is used for stress analysis of material 
bodies undergoing small deformations. For large deformations, other measures of stress such 
as Piola-Kirchhoff stress tensor are required. In the Total Lagrangian method, as stated by 
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Taylor et al. (2008), the stress measure that consolidates with Green-Lagrang strain is the 
second Piola-Kirchhoff stress tensor 𝑺$! , calculated from 𝑺$! = 𝐽! 𝑿!$ 𝝈! 𝑿!$ % (6-4) 
where 𝐽! = det	( 𝑿$! )  is the Jacobian determinant, 𝑿!$ = ( 𝑿$! )(&  is the inverse of the 
deformation gradient tensor, and 𝝈!  is the Cauchy stress tensor at time 𝑡. 
6.1.2 Finite Element Solution 
The fundamental equilibrium equation for the three-dimensional behaviour of a solid is 
called principle of virtual work (also known as virtual displacements). In the Total Lagrangian 
method, the equilibrium equation is written as ∫ 𝑆$! "#𝛿 𝐸$! "#𝑑 𝑉$$) = ∫ 𝑓$! "*𝛿𝑢"𝑑 𝑉$$) + ∫ 𝑓$! "+𝛿𝑢"+𝑑 𝑆$$+!  (6-5) 
where the left- and right-hand sides of the equation represent the internal and external virtual 
works, respectively, performed over the undeformed configuration. 𝛿 𝐸$! "#  are the strain 
variations corresponding to virtual displacements 𝛿𝑢" , 𝑓$! "*  are body forces, and 𝑓$! "+  are 
surface tractions with corresponding displacement 𝛿𝑢"+. 
The body domain is divided into a finite number of elements with unknown nodal 
displacements, and the relevant quantities are interpolated within each element using 
appropriate shape functions. By assembling elements into a global formulation, the equilibrium 
equation can be written as 𝑴?̈? + 𝑪?̇? + 𝑲(𝑢)𝒖 = 𝒓 (6-6) 
where ?̇?  is the first time-derivative of displacement, i.e., the velocity; 𝒓  represents the 
externally applied load; 𝑴 and 𝑪 are the (constant) mass and damping matrices, respectively, 
and 𝑲(𝑢) is the stiffness matrix that is nonlinearly dependent on global nodal displacements. 
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6.1.3 Time Integration 
A numerical time integration scheme is required to find the equilibrium position at each 
time point. The explicit approach of the Central Difference method eliminates the need for 
iterations in each time step. Using the Central Difference method, the stiffness term in equation 
(6-6) can be calculated from 𝑲! (𝑢) 𝒖! = ∑ 𝑭(-)!-  (6-7) 
where 𝑭(-)!   is the global nodal force contribution due to stresses in element 𝑒 at time 𝑡. For 
a given element 𝐹!  is computed from 𝑭! = ∫ 𝑩%$! 𝑺Q$! 𝑑 𝑽$)"  (6-8) 
where 𝐵$!  is the strain-displacement matrix, 𝑺Q = [𝑆&& 𝑆'' 𝑆// 𝑆&' 𝑆'/ 𝑆&/]%  is the 
vector from six independent components of the symmetric second Piola-Kirchhoff stress tensor, 
and 𝑉$  is the initial volume of the element. It should be noted that the stiffness matrix 𝑲(𝑢) 
does not need to be assembled at each time step as the nodal force contribution can be 
calculated at the element level. This feature is a decisive factor over implicit methods and 
enhances computational performance significantly. Two independent equations of the Central 
Difference method are 𝒖!0∆! = 𝒖! + Δ𝑡 ?̇?! + Δ𝑡' ?̈?! 2⁄ , ?̇?!0∆! = ?̇?! + Δ𝑡 ?̇?! + Δ𝑡( ?̈?!0∆! + ?̈?! ) 2⁄  (6-9) 
where Δ𝑡 is the time increment. By inserting the stiffness term from equation (6-8) and the 
computed velocity and acceleration from the set of equations (6-9) in equation (6-6), nodal 
displacement at the next time point can be calculated from 
𝒖"!0∆! = 2#$ ( 3#$ 0'4## 𝒖#$ ∆!%⁄ 0(7## '∆!⁄ (4## ∆!%⁄ ) 𝒖#$&∆$7## '∆!⁄ 04## ∆!%⁄ . (6-10) 
Explicit methods, such as the Central Difference method are conditionally stable. Time 
increment Δ𝑡  must be smaller than the critical value ∆𝑡89 = 𝐿- 𝑐⁄ . 𝐿-  is the smallest 
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characteristic element length, and the dilatational wave speed of the material, 𝑐, is calculated 
from 
𝑐 = _ :(&(;)<(&0;)(&(';) (6-11) 
In large nonlinear analyses, smaller time increments should be considered as ∆𝑡89 changes with 
deformation. 
6.1.4 Element Nodal Forces 
Referring to equation (6-10), matrices 𝑀 and 𝐶 are constant so can be precomputed. 
The external load 𝒓 is the input of the system so is available at each time step. The main 
computational effort in the elaborated process is to calculate the elements nodal force, 𝐹! , at 
each time step. 
6.1.4.1 The strain-displacement matrix. 
The strain-displacement matrix 𝐵$!  depends on the geometry of the body domain. 
Hence, in large deformations, i.e., geometrically nonlinear deformations, 𝐵$!  varies in time and 
should be calculated at each time step. The strain-displacement matrix can be updated at each 
time step using the stationary matrix 𝐵$  and the deformation gradient tensor as follows. 𝑩(=)$! = 𝑩(=)$ 𝑿%$! . (6-12) 
where the right superscript, (𝑎), denotes that the 𝑎!>  submatrix of the strain-displacement 
matrix, that (𝑎) ranges from 1 to the 𝑁  number of nodes in each element. The stationary 
submatrices are calculated from the spatial derivatives of the element shape functions ℎ as 
follows. 
𝑩(=)$ = eℎ=,& 0 0 ℎ=,' 0 ℎ=,/0 ℎ=,' 0 ℎ=,& ℎ=,/ 00 0 ℎ=,/ 0 ℎ=,' ℎ=,&f
%
 (6-13) 
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where ℎ=," = 𝜕ℎ= 𝜕 𝑥"$⁄ for 𝑖 = 1, 2, 3 . It is seen that the spatial derivatives of the shape 
functions are calculated in regard to the initial configuration of the geometry. Hence, the 
stationary strain-displacement matrix can be precomputed from equation (6-13). 
6.1.4.2 Stress tensor. 
The stress tensor results from the differentiation of the strain energy density function 
(SEDF) with respect to the Green-Lagrange strain tensor. Several energy functions have been 
proposed for the soft tissue. In this work, we use the hyperelastic neo-Hookean model, that the 
stress components can be calculated from 𝜎"#$! = 𝜇k𝛿"# − 𝐶"#(&$! l + 𝜆 𝐽! ( 𝐽! − 1) 𝐶"#(&$! . (6-14) 
where 𝜇 and 𝜆, are calculated from 𝜇 = 𝐸 2(1 + 𝜈)⁄ , 𝜆 = 𝐸𝜈 (1 + 𝜈)(1 − 2𝜈)⁄ . (6-15) 
It can be seen from equation (6-14) that the computation of element stresses at each time step 
requires the calculation of deformation tensor 𝐶$!  from equation (6-2). Hence, deformation 
gradient tensor 𝑋$!  should be obtained beforehand at each time step. 𝑋$!  can be calculated from 𝑿$! = 𝜕𝑼@$! + 𝑰 (6-16) 
where 𝐼  is the Identity matrix, and 𝜕𝑼@$!   is a matrix of element displacement derivatives 
calculated from 𝜕𝑼@$! = 𝑼-%! 𝜕𝑯@$ . 𝑼-%!   is a matrix of element nodal displacements; 𝜕𝑯@$   
is a matrix of elements shape function spatial derivatives and can be precomputed.  
Calculating the strain-stress matrix from equation (6-12), the element nodal force 
integral as shown in equation (6-8) can be evaluated as following for linear tetrahedral elements. 𝑭! = 𝑉$ 𝑩%$! 𝝈$!  (6-17) 
The computed element nodal force at each time step is used in equation (6-10) to calculate the 
next time step displacement. 
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6.2 Modified Solver for Nonlinear Deformation 
Soft tissue’s complex behaviour is highly resulted from the material and geometrical 
nonlinearity of the tissue. In other words, not only the stress-strain relationship is nonlinear 
(material), also the strain is nonlinearly related to displacement values (geometry). Besides, the 
nonlinear nature of the boundary conditions at the tool-tissue’s contact area adds to the 
complexity of the soft tissue’s deformation simulation. As earlier discussed in chapter 1, and 
shown in Figure 1-2, the tool-tissue interaction is not in the scope of this project. However, the 
TLED, explained in section 6.1, considers both material and geometrical nonlinearity. 
6.2.1 State Equations 
The equilibrium equation (6-10)should be reformulated to match the KF state equation 
(3-2). We consider nodal displacements 𝒖!  as the unknown variable. Ignoring the negligible 
damping effect in short time simulations, equation (6-10) reduces to 𝒖"!0∆! = ∆!%4## k 𝒓"! − 𝑭"! l + 2 𝒖"! − 𝒖"!(∆! . (6-18) 
Taylor et al. (2008) discussed the suitability of neglecting damping effect in soft tissue 
deformation in fast short period simulations. 
As can be seen in equation (6-18), the state estimate at each time step, i.e. 𝒖"!0∆! , 
depends on two last state estimates. But the filtering system equation (3-2) relates the state 
estimate to specifically the last time estimate only. This means that the second last estimate is 
taken as the system input, leading to an uncertain system input. This results an output estimate 
with lower accuracy. To avoid the explained issue and improve the estimates accuracy, we 
define the new state (hereafter, the NL-state) as 𝒙!0∆! ≔ t 𝒖!0∆!𝒖! u. Hence, equation (6-18) can 
be reframed as 
t 𝒖!0∆!𝒖! u = v2 −11 0 w t 𝒖! 𝒖!(∆! u + t∆!%4##0 u k 𝒓"! − 𝑭"! l. (6-19) 
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So, the system equation (3-2) parameters are defined as 𝐹 = v2 −11 0 w, 𝐺 = v∆!%4## 0w% , and 𝒛! = k 𝒓"! − 𝑭"! l. The nodal displacement at the indenter tip (observation point), that is a 
scalar value, is collected as measurements. Hence, the measurement matrix 𝐻 is a block 1 × 2 
matrix that relates the displacement scalar values to the NL-state vector. In the other word, 𝐻 ≔ [𝐻& 0]  with 𝐻&  to be a binary matrix with the proper dimension mapping the 
observation point in the mesh global coordinate system. 
 
Figure 6-1. The NLTL.KF-FEM for large nonlinear deformations 
6.2.2 Modified Algorithm 
The basic developed KF-FEM algorithm, shown in Figure 3-1, is modified for large 
nonlinear deformations as explained in sections 6.1 and 6.2.1. Figure 6-1 illustrates the 
modified algorithm. 
6.3 Performance Evaluation 
Simulations were conducted on a 8 × 8 × 3	𝑚𝑚  cubic model to evaluate the 
performance of the proposed method in terms of accuracy and computational speed. The body 
domain is divided into 2062 4-node tetrahedral elements compound of 549 nodes. Material 
properties including the density, Poisson’s ratio, and Young’s modulus are obtained from the 
literature, as presented in Section 3.4. 
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Figure 6-2. Displacement measurement at the observation point 
The nodes on the bottom surface are considered as the fixed boundary condition. A 
circular flat-end probe with 4	𝑚𝑚 diameter applies the load at the centre of the model’s top 
surface, linearly increasing from 0 to 0.2	𝑁 in 210 time-steps. We employed the lump mass 
matrix (LMM) formulation, that diagonalizes the mass matrix. For comparison purposes, the 
FEM was carried out to derive the displacement at the centre point of the contact area (hereafter, 
the observation point). The displacement values from the FEM are taken as reference values. 
Measurements required for the NLTL.KF-FEM system equations are generated artificially by 
adding a random white Gaussian noise to the reference values. Figure 6-2 shows the artificially 
generated measurement at the observation point. 
The proposed algorithm is coded with Python programming language. The initial value 
of the displacement vector is set to zero. Figure 6-3 shows the undeformed and deformed cube 
model. Because displacement values are very small, only mesh nodes are illustrated for a clear 
vision of the deformation. In Figure 6-3(b), colour tones are used to illustrate the magnitude 
and direction of the displacement. Most nodes with nearly zero displacements, especially 
towards the bottom parts of the model, are shown with bright green. Nodes with darker tones 
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towards purple have positive displacements (downward), and nodes with brighter tones 
towards yellow have negative displacements (upward). It is interpreted that nodes in a very 
close circular distance from the probe edge move upward due to the incompressibility of the 
tissue. 
 
Figure 6-3. The simulated model; (a) undeformed, (b) deformed 
6.3.1 Estimates Accuracy 
Figure 6-4 compares displacement estimates at the observation point obtained by the 
developed KF-FEM with true values from the FEM and measurements. It can be seen from 
Figure 6-4 that the NLTL.KF-FEM estimates are a trade-off between displacement 
measurements and the modelled FE predictions. Using the calculated gain at each time step, 
the algorithm compares the model prediction with the measurements and updates its next time 
step estimate. 
 
Figure 6-4. The NLTL.KF-FEM estimates vs. the reference FEM and measurements at the observation point 
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The mean absolute error (MAE) of the developed KF-FEM estimates and the FEM with 
respect to the measurements are calculated and presented in Table 6-1. The error percentage of 
both methods in regard to the maximum computed displacement is also presented in Table 6-1. 
Table 6-1. The estimates MAE in comparison with the FEM 
 MAE [mm] Error [%] 
FEM 0.019 6.20 
NLTL.KF-FEM 0.018 5.75 
The proposed NLTL.KF-FEM estimates soft tissue deformation across the entire body 
domain using only the loading input (force and displacement) available at one point (i.e., the 
observation point). Figure 6-5 shows the displacement at a random point with negative 
displacement in close distance from the probe edge. It should be noted that at nodes that the 
measurement is not available, the NLTL.KF-FEM relies on the FE model prediction and the 
computed spatial gain. Hence, the estimates show higher variations, although in micro scale. 
As an example, this simulation had around 0.3 mm the maximum displacement after 200-time 
steps, as shown in Figure 6-4. At the same time point, Figure 6-5 shows around 0.03 mm 
displacement in a random point, calculated by the FEM with less than 0.01 mm difference from 
the estimated value by the NLTL.KF-FEM. One of the reasons leading to this variation can be 
the quality of the mesh. The better the quality of the mesh, the more reliable the FEM is in the 
absence of measurements. 
 
Figure 6-5. The NL KF-FEM estimates vs. the reference FEM in a random point 
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6.3.2 Computational performance 
The NLTL.KF-FEM simulation was performed on a laptop with 3.1 GHz Intel Core i5 
Macintosh with 8 GB memory. The total computational time for 210 time-steps was around 5.5 
~ 6 seconds on average. The equivalent update frequency is 35 Hz, and above, that is higher 
than the 25 Hz graphical refresh rate required for real-time visual feedback. 
6.4 Real-time Implementation 
Employing the TLED approach has shown the advantage of computations being done 
in the element level, i.e., there is no need to assemble material matrices and system parameters 
in the geometrical global scale. In addition to that, derivatives are computed with respect to the 
initial undeformed state of the geometrical model, that eliminates the requirement of updating 
parameters time derivatives at each time step. However, calculations in the element level may 
cause a slow performance as several computational loops through the mesh nodes and elements 
are involved.  
6.4.1 Geometry Structure 
Advance programming techniques are used in this project to avoid slow computational 
process of element-wise calculation. Mesh nodes are stored with their indices and coordinates 
in a 2D array. Elements connectivity 2D array lists the mesh elements with their 4 nodes indices 
that form the relevant element. Figure 6-6 shows 5 random samples from the nodes and 
elements connectivity 2-dimensional arrays. 
 
Figure 6-6. Samples from the mesh nodes coordinates and the elements connectivity list 
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As an example, Figure 6-6 shows that element #912 is formed from tetrahedral connection 
between nodes 368, 216, 217, and 367 and their respective coordinates in the global coordinate 
system. To enhance the speed of calculations, a 2D array is formed that maps each node with 
its index to the elements indices in which is being shared. It also implements that what local 
number out of 4 that specific node gets within that element. This approach helps not to lose the 
track of nodes and their connections in deformed status. To exemplify, Figure 6-7 shows that 
node #2 is included in 3 elements, and node #20 is shared between 8 elements. 
 
Figure 6-7. Samples from the nodes mapping array 
Figure 6-8 shows the mesh mapping structure. The programmed structure increases the 
calculation speed to update each node coordinates after computations are completed at element 
level, without requiring the global assembly of the spatial domain. 
 
Figure 6-8. Mesh mapping structure 
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6.4.2 Arrays Structure 
The main computational effort in the explained procedure is calculating the elements 
nodal force vector at each time step. Because each element computation can be completed 
independent from the rest, it is important to structure proper 3-dimensional arrays to avoid 
computational loops. In a 3-dimensional deformation with 4-node tetrahedral elements 
employed in discretizing the geometry, model parameters in the element level will have 
dimensions as follows.  
• Shape function spatial derivatives, 𝜕𝐻@$ :  2062 × 4 × 3 
• Deformation gradient tensor, 𝑋$! :   2062 × 3 × 3 
• Strain-displacement matrix, 𝐵$! :   2062 × 6 × 12 
• Right Cauchy-Green deformation tensor, 𝐶$! : 2062 × 3 × 3 
• Second Piola-Kirchhoff stress tensor, 𝜎$! :  2062 × 6 × 1 
• Element nodal forces, 𝑭! :    2062 × 4 × 3 
Figure 6-9 illustrates a schematic of the programmed structure in the core of the simulation. 
 
Figure 6-9. A schematic of the structure developed for parallel calculation of elements nodal forces 
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6.5 Conclusion 
A fast estimation algorithm is proposed that computes large nonlinear deformations of 
soft tissues and achieves high computational speed suitable for real-time medical applications. 
The proposed method uses the Total Lagrangian Explicit Dynamics (TLED) approach to 
simulate nonlinear deformations while employing the optimised estimator Kalman filter (KF) 
to correct and validate the output through the incorporation of direct measurements. The 
proposed method achieved the update frequency of minimum 35 Hz. Further to this, it filtered 
out the measurement noise and was able to improve the displacement estimates accuracy by 
0.45% (see Table 6-1). The proposed NLTL.KF-FEM can expand its estimates in the spatial 
domain while measurements are only available at some areas of the geometrical model.  
Further research requires to improve the functionalities of the proposed method. Soft 
tissues material properties are highly patient dependent. The proposed algorithm should be 
modified to estimate tissue’s parameters, such as Young’s modulus, in real time and correct the 
system estimates with the updated settings. Also, soft tissues under large deformations exhibit 
inhomogeneous behaviour. More complex material properties with higher order energy 
functions should be considered to simulate the behaviour of the tissue appropriately.
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7 Conclusion 
  
The high-precision continuum mechanics equilibrium equations were employed to 
develop a real-time optimal predicting algorithm to estimate the deformation of the biological 
soft tissue for medical training simulators. The established algorithm benefits from the high 
accuracy and realistic approach of the finite element method (FEM) and the fast and recursive 
solution of the optimal estimator Kalman filter (KF). 
7.1 Computational Speed vs. Accuracy 
The proposed algorithm achieved an update frequency of ~89 Hz in the small range 
indentation simulation of a liver model compound of ~4100 elements (Table 3-2). The obtained 
calculation frequency is an excellent improvement to the ~5 Hz computed by FEM under 
identical boundary condition and simulation platform.  
Besides, simulation results show that the developed KF-FEM does not sacrifice 
estimation accuracy. The KF-FEM displacement estimates median error concerning the FEM 
response, i.e. the standard reference value, was 0.0015	àà, while the median error of the 
measured displacement at the indenter tip was 0.0376	àà. This means that the proposed 
method was able to filter out ~96% of the measurement noise (Figure 3-6). In addition to that, 
the estimation median error was achieved in a simulation of maximum 1.472	àà 
displacement. In other words, the normalized estimation error was ~0.1% on average (Figure 
3-4). The developed algorithm promises high accuracy estimates with real-time computational 
performance in small linear ranges of soft tissue deformation.  
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7.2 Analytical Model Inaccuracy 
Soft tissues material properties are not constant in different situations; they are patient 
specific as well. Geometrical models are also not accurate in terms of the operation boundary 
conditions. Hence, the analytical approaches such as the FEM do not guarantee the outcome. 
The developed KF-FEM introduced the model error into the system equations. 
Simulation results were compared with the experiments conducted on silicon samples. The 
calibrated KF-FEM with initial measurement and model errors produced more consistent 
estimates in comparison with the observed noisy measurements. In addition to that, the KF-
FEM estimates were a trade-off between measurements and the FE model response (Figure 
4-7).  
The proposed algorithm achieved an update frequency of ~145 Hz in deformation 
simulation of a cubic model compound of ~5000 elements (Appendix C, Table 2). Results 
confirm the capability of real-time computational performance of the method.  
Including both measurement and model errors in the system equations, results 
confirmed that the developed KF-FEM could improve the fully predictive response of the FEM 
in real-time applications. Furthermore, the experiments confirm that the temporally linearized 
FEM is reliable within the applied displacement range. Hence, the KF can be employed.  
7.3 System Input Uncertainty 
In real-time applications, force values are obtained from sensors, leading to uncertain 
system inputs. The developed KF-FEM was further improved with the modified state involving 
both input and output. System input error was introduced as a “fake” system error. Simulations 
were conducted on a cubic model compound of ~2100 elements and compared with the 
reference FEM given the noisy input force.  
The modified KF-FEM filtered ~58% of the measurement noise and increased the 
accuracy of the estimates by ~24% in comparison with the  FEM given the uncertain input 
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force (Table 5-1). The update frequency of the deformation estimation was improved from 
around 3~5 Hz for the conventional FEM to approximately 36~131 Hz for the KF-FEM within 
the same geometrical domain. 
Results confirmed that the proposed method incorporated real-time I/O measurements 
and enhance the computational process of displacement estimation. It also reduced the effect 
of the error in the I/O measurements. Further to this, the modified algorithm could differentiate 
the input uncertainty from the model error, leading to more accurate estimates compared to the 
classic FEM with the noisy boundary forces (Figure 5-5).  
7.4 Large Nonlinear Deformations 
A nonlinear strain energy function was considered with nonlinear strain-displacement 
function to simulate complex material and geometrical nonlinear behaviour of the tissue. The 
Total Lagrangian Explicit Dynamics (TLED) approach was used and reformulated the 
equilibrium equations to meet the requirements of the system equations of the optimised 
estimator KF. A two-time-step displacement vector was introduced as the system state.  
The proposed method achieved the update frequency of minimum 35 Hz. Further to 
this, it filtered out the measurement noise and was able to improve the displacement estimates 
accuracy in comparison with the reference FEM (Table 6-1). 
7.5 Contributions 
• The high precision FEM and fast, optimized estimator KF were combined and 
achieved accurate real-time simulations of the biological soft tissue deformation. 
• The converging towards zero estimation error in the offline phase made the 
algorithm promising the performance before the actual simulation begins. 
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• The measurement, the model, and the input errors were all considered, leading 
to an optimized estimation differentiating the system error from I/O 
measurements. 
• Displacement estimates were extendable in the spatial domain while direct 
measurements were only available at some points of the geometry. 
• Geometrical and material nonlinear deformation was achieved. 
7.6 Future Work 
Further research requires to improve the functionalities of the proposed method. Soft 
tissues material properties are highly patient dependent. The proposed algorithm should be 
modified to estimate tissue’s parameters, such as Young’s modulus, in real-time and correct the 
system estimates with the updated settings.  
Soft tissues under large deformations exhibit inhomogeneous behaviour. More complex 
material properties with higher-order energy functions should be considered to simulate the 
behaviour of the tissue appropriately. 
The model error and I/O measurement noise are not constant in practice. They might 
not have necessarily a white Gaussian distribution as well. Adaptive noise recognition 
approaches are required to be implemented into the developed KF-FEM to enhance the 
accuracy of the estimates and not lose the real-time performance.  
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Appendix A 
Assume that four nodes out of the total 9 number of mesh nodes are in contact with the 
indenter tip. Let us give them some random indices for simplicity of the formulation, for 
example, nodes number 2, 5, 6, and à. In one-directional displacement along the vertical axis 
(axis S), the measurement vector at each time point is " = [%&% %U% %V% %'%](. The state 
vector, i.e. displacement vector, includes the displacement of all 9 nodes at each time point 
along the three principal directions 6, R, and S. Hence, it has the dimension 39 × 1 as follows. < = [%"# %"$ %"% %&# %&$ … %+$ %+%]( (Appendix A-1) 
We need a matrix, called B, that maps the indices of the observation points from the state vector 
in a way that " = B< at each time step, as shown in equation (3-1). Figure Appendix A-1 
illustrates how the measurement matrix is formed depending on the observation nodes’ indices. 
 
Figure 7-1. The binary measurement matrix addressing observation points in the state vector 
As can be seen from figure Appendix A-1, all elements of matrix B are zero except the 
elements that correspond to the observation points. Because the geometrical model is three 
dimensional, the displacement of each node along the S-axis is the third position in the target 
node’s indices. In the applications that the contact area is constant during the simulation, the 
observation points are detected before the operation; hence, matrix B can be predefined. 
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accuracy. The pre-computation method uses pre-computed equilibrium solutions to reduce the compu-
tational time [7]. However, this method does not allow topographical changes in the body domain, and
its pre-computation process is also time-consuming. The explicit FEM reduces the computational load
by eliminating the iterative solution of large systems [8]. However, the stability of the solution is strictly
dependent on the size of studied time steps. The GPU (Graphics Processing Unit) acceleration is a tech-
nique to use GPU to facilitate the computational performance of FEM [9]. However, this method relies
on hardware, and it does not solve the computational problem fundamentally. In general, with most of
the existing methods, the enhanced computational performance of FEM is achieved by sacrificing the
accuracy of FEM modeling.
Kalman filter is a commonly used method for real-time estimation of system state parameters. Kato et
al. employed the Kalman filter to estimate the ground motion [10]. Zeng et al. combined the extended
Kalman filter with an optimization algorithm to estimate the state parameters of lateral flow immunoas-
say [11]. The major difficulty in using the Kalman filter lies in the construction of the system state
equation to describe the dynamics of soft tissue deformation.
This paper presents a new method for real-time simulation of soft tissue deformation. Rather than
direct calculation of soft tissue deformation from FEM, which causes a slow computational process, this
method formulates the deformation of soft tissues as a filtering identification process. The computational
domain is temporally discretized be the Newmark method and further transformed into a state space
representation. Finally, a Kalman filter is developed to eliminate system and measurement noises to
estimate the dynamic behaviors of soft tissues in real time based on measurement data. Simulations and
analysis have been conducted to verify the performance of the proposed method.
2. Methodology
2.1. State and measurement equations
Consider the following linear discrete-time dynamic system with the state vector xk given a set of
measurement yk at time point k,
xk = Fxk−1 +Gzk−1 (1)
yk =Hxk + v (2)
where z is the system input, F , H , and G are the state transition, measurement, and input matrices
respectively, and v is the measurement zero-mean white Gaussian noise with known diagonal covariance
R. The Kalman filter is described as a linear recursive least-square estimator,
xˆk = xˆk−1 +Kk(yk −Hxˆk−1) (3)
where Kk is the Kalman gain and xˆk is the estimation of state xk to minimize the sum of squares
between the previous estimation Hxˆk−1 and current measurement yk. The item yk − Hxˆk−1 is called
the innovation term.
2.2. Finite element formulation
Soft tissues are highly complex in terms of material composition. For the modeling purpose, it is
very important to choose appropriate material law and parameters that describe mechanical properties
of soft tissues. While soft tissue structure shows time-dependent, nonlinear and anisotropic behaviors, in
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terms of small deformation within a short-term period, soft tissues can be investigated by linear isotropic
models to high precision.
The basic equations of an elastic material are strains, stresses and equilibrium relations [12]. In case
of small deformations, the six independent components of the strain matrix, i.e. εij are computed from
displacements in the form of
εij = (ui,j + uj,i)/2 (4)
where u is the displacement and ui,j ≡ ∂ui/∂xj with respect to a coordinate component xj . For elastic
materials, the Hooke’s law linear stress-strain relationship can be represented as
σij = Dijklεkl (5)
where σ is the stress and Dijkl is the elastic moduli for an isotropic elastic material. Using only the six
independent components of the symmetric stress, the linear momentum or equilibrium equation can be
written as
∂σij/∂xi + bi = ρu¨i (6)
where b is the vector of body forces, ρ is the mass density per unit volume and u¨ is the acceleration
vector.
It is assumed that the domain of analysis is divided into a set of elements and nodes over the entire body
domain Ω. In consideration of the Rayleigh damping coefficient C = α0M+α1K and by evaluating the
weak form of equilibrium equations for an individual linear elastic element and thereafter assembling of
all elements, the equilibrium equation can be written as
M u¨+ Cu˙+Ku = f (7)
where M =
∑
eM
e
ab is the mass matrix, C = α0M + α1K is the Rayleigh damping coefficient,
K =
∑
eK
e
ab is the stiffness matrix, f =
∑
e f
e
a is the external force, and u˙ is the velocity vector.
In discrete-time finite element methods, the transient solution for the studied time duration is described
with a set of discrete time points tk and approximations to the solution are determined at these points.
One of the commonly used methods is the Newmark constant acceleration method [12], which is a one-
step procedure to describe how a known solution at time tk−1 is determined at time tk. Since the three
discrete quantities ak, vk, and uk that are the acceleration, the velocity, and the displacement vectors,
respectively, are involved in Eq. (7), it requires three independent time equations to obtain a solution at
each discrete time point. One is the equilibrium equation, and the other two are the Newmark formulas,
Eqs (8) and (9). These are written as
uk = uk−1 + ∆tvk−1 + ∆t2(ak−1 + ak)/4 (8)
vk = vk−1 + ∆t(ak−1 + ak)/2 (9)
fk −Mak − Cvk −Kuk = 0 (10)
where ∆t = tk − tk−1 and the equilibrium equation must be satisfied at each time point tk.
Equation (10) is commonly solved by numerical algorithms, such as refined Gaussian elimination and
Gauss-Seidel iterative schemes. The numerical solution is computationally expensive due to the iterative
process. Therefore, numerical algorithms are not suitable to solve the above equations for the real-time
requirement of soft tissue deformation. Further, numerical algorithms may also develop oscillations
unless certain precautions are taken.
S320 M. Yarahmadian et al. / Soft tissue deformation estimation by spatio-temporal KF-FEM
Fig. 1. Discrete-time KF-FEM block diagram.
In comparison with numerical algorithms, the Kalman filter uses a straightforward formulation for
state space solution rather than an iterative process, leading to enhanced computational speed. More-
over, this recursive filtering method uses only the last time step estimation to compare with real-time
measurements and optimize the next step estimation. By considering Eq. (10) as the system equation of
the Kalman filter and solving it based on a set of measurements, it will result in a computationally fast
and accurate solution.
2.3. KF-FEM algorithm
To solve Eq. (10) we can select any one of the discrete-time quantities ak, vk and uk as the main time-
dependent variable and solve for the other two from the Newmark formulas. Without loss of generality,
let us consider uk as the primary variable and calculate velocity and acceleration using the Newmark
formulas. By substituting velocity and acceleration vectors into the equilibrium Eq. (10) and reordering
the equation into the form of Kalman state equation, we will have
uk =
[
J−1A
]
uk−1 + [J−1L J−1M J−1I]
vk−1ak−1
fk
 (11)
where
A= 4M/∆t2 + 2C/∆t (12)
J =A+K (13)
L= 4M/∆t+ C (14)
Note that input vector at each time point tk will be a function of velocity and acceleration calculated
from previous time point tk−1, and a known external force at the current time. Figure 1 illustrates the
block diagram of the proposed algorithm.
3. Performance evaluation and discussion
Simulations were conducted on a cubic model to evaluate performance of the proposed method. The
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Table 1
Mesh specifications and test setting
Size of the model No. of nodes No. of elements Analysis time Time increments
4 × 4 × 7 (mm) 200 672 t = 1 (s) ∆t = 0.002 (s)
Applied force Rayleigh coefficients Density Poisson’s ratio Young’s modulus
f = 3 (kN/m2) α0 = 0.0, α1 = 0.1 ρ = 1068 (kg/m3) ν = 0.47 E = 10 (kPa)
Fig. 2. Finite element verification model.
model is subject to uniform distributed stretch applied on the top surface. The measurement was obtained
from deformation results at the observation point by traditional FEM with added random noise. The
estimates of the proposed KF-FEM are compared with the results obtained from traditional FEM.
1st order tetrahedral elements with linear shape functions having 1 mm length per edge are used to
uniformly discretize the domain. The mesh specifications and the analysis settings are shown in Table 1.
It is considered that nodes on the bottom surface are fixed, and all nodes on the top surface are under
a constant uniform axial tensile force selected within the interaction force range of soft tissues [13,14].
The tissue density, Poisson’s ratio, and Young’s modulus are derived from the experimental tests on
the porcine liver [15,16]. Figure 2 shows the sample domain, from which the measurement matrix for
displacement of the observation point was obtained.
Material, damping, and stiffness matrices are formed for the body domain. Then the finite element
direct solver Gauss Elimination is employed to observe the behavior of the model under the described
boundary conditions. In practice, measurements involve noise. Accordingly, we added random white
Gaussian noise to the displacement values obtained from the traditional FEM modeling. Figure 3 shows
the noisy measurement, which is the displacement of the observation point specified in Fig. 2. Artificial
noise was added to the displacement obtained from the FEM rather than using real experimental noisy
displacements in order to compare estimates of the proposed KF-FEM with known reference values,
i.e. the displacement from the traditional FEM without noise. Two points out of the fixed points were
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Fig. 3. Artificial noisy measurement for KF-FEM.
Fig. 4. Displacement obtained from FEM and KF-FEM at evaluation point 1.
selected to evaluate the estimation. One is the observation point (evaluation point 1), and the other is a
random point (evaluation point 2). The random point was located 2 mm underneath the surface. System
and measurement equations were initialized and measurement noise covariance was considered to have
the intensity of 0.001.
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Fig. 5. Displacement obtained from FEM and KF-FEM at evaluation point 2.
The proposed algorithm was implemented in MATLAB R2014b on a PC with Intel R© CoreTM i7-2600
CPU @ 3.40 GHz, RAM 8.00 GB and 64-bit Windows 7. Two kinds of simulations were conducted
under the same conditions for the cubic model. The first simulation was conducted to observe the de-
formation behaviors from the traditional FEM, and the second simulation was conducted to observe the
deformation behaviors of the proposed KF-FEM. Subsequently, the results from the two simulations
were compared in terms of accuracy and computational efficiency. Figures 4 and 5 compare the results
of both traditional FEM and KF-FEM at different evaluation points.
Although the measurement was collected from one node (i.e. the observation point), the system was
still able to estimate the deformation behaviors of all other nodes. This is because material matrices M,
C and K were obtained from a finite element model, and the Kalman state vector was the displacement
vector of all nodes in three coordinate directions. Further, the proposed method not only uses measure-
ments to optimize the state estimates in the time domain, but it also conducts estimations in the spatial
domain.
Figure 4 illustrates that the proposed method completely filters the measurement noise at the obser-
vation point and its estimation is in good agreement with the FEM response. The Kalman filter is a
recursive optimal estimation method that only uses the Kalman gain obtained from the last time point
for posterior estimation. This leads to estimations being more reliable after several time points based on
the precision of the primary knowledge of the system and measurement noises. In Fig. 4, the uncertainty
of the estimations can be seen in the first 25 steps from the total 500, i.e. in the first 0.05 seconds of de-
formation. The resultant NRMSE (normalized root-mean-square error) at the observation point between
the traditional FEM and proposed KF-FEM is 0.0116. Furthermore, Fig. 5 shows that the KF-FEM esti-
mates accurately follow the traditional FEM response at any other point except for the observation point
with noisy measurements. To compare the computational performance of both methods, we computed
the whole simulation time divided by the number of time steps. The computational time of each time step
was 0.1735 s for traditional FEM, while it was only 0.0158 s for the proposed KF-FEM. In other words,
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the computational time of the KF-FEM is approximately 10 times faster than traditional FEM. This is
because the proposed method uses a statistical estimation process to estimate soft tissue deformation.
In contrast, traditional FEM uses a numerical process, which requires the calculation of the inversion
of material matrices at each time step, leading to an expensive computational load for soft tissue defor-
mation. The computed calculation frequency of about 63 Hz from the proposed KF-FEM confirms the
real-time performance of the described methodology.
4. Conclusion
This paper presents a new method for real-time prediction and analysis of soft tissue deformation. It
conducts soft tissue deformation with a filtering process to estimate mechanical behaviors of soft tissue
in real time based on measurement data. Simulation results demonstrate that the proposed method is
as accurate as the traditional finite element method in terms of soft tissue deformation, but with the
capability to achieve real-time computational performance. It can also eliminate unavoidable noises
involved in system state and measurement.
The proposed method considers the linear elastic behavior of the tissue and it can deal with only small
deformations of soft tissues. It is expected that in the future a nonlinear Kalman filter will be developed
to deal with the nonlinear behaviors of soft tissues. Also, modifications to the filtering algorithm are
in progress for simultaneous estimation of the system input that is the unknown deformation of the
computational domain, and the state vector, i.e. the applied external force given real-time measurement
from a haptic device.
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In this work, a KF-FEM algorithm is demonstrated to estimate deformations due to applied surface loads 
with high accuracy when compared to the artificially simulated reference FE model [11]. The 
computational speed of the developed algorithm was around 11 times faster than the traditional FEM 
under the same boundary and loading condition. Besides, the developed KF-FEM algorithm was 
modified to incorporate noisy indentation measurements. The indentation test was repeated several 
times on a phantom tissue made from silicone rubber and the deviation of the developed FE model from 
the observations was considered as the error of the system.  
2 Methods 
The Kalman requires a state model that describes the transformation of the state vector over time, and 
an observation model that represents the relationship between the state vector and the measurements. 
The state model and the observation model in a discrete time system are given in (1) and (2) 
respectively. 
࢞௞ାଵ ൌ ܨ࢞௞ ൅ ܩࢠ௞ ൅ ݓ௞                                                (1)  
࢟௞ ൌ ܪ࢞௞ ൅ ݒ௞                                                         (2)  
where ࢞௞ is the state vector; ܨ its transition matrix; ࢠ௞ is the system input with ܩ its control matrix; ࢟௞ is the set of measurements and ܪ  the measurement matrix; ݓ௞  and ݒ௞  are model and measurement noises with known covariances ܳ and ܴ respectively. 
The Kalman filter estimates the parameters of interest, i.e. the state vector, in a two-step procedure. In 
the first step it predicts a priori value of the state using equation (1), without considering ݓ௞ that is the uncertainty of the model. Then the covariance of the model uncertainty, i.e. ܳ, is used to calculate the 
corresponding covariance of the prediction in this step. By using equation (2) in the second step the 
system corrects its prediction with the arrival of measurements and calculates a posteriori value of the 
state vector so that the error covariance of the estimates is minimised. This procedure is repeated for 
each time step. Figure 1 illustrates two steps of the Kalman filter algorithm. 
 
Figure 1: The Kalman filter algorithm 
The errors’ covariance in the mentioned two-step algorithm is represented by ݌௞ at each time step, and ܭ௞ is the Kalman gain which defines either measurements or the model estimates are more reliable.  
In the small deformations range within a short period of time, soft tissues behavior can be modelled with 
a linear elastic constitutive model [2]. The body domain of the tissue requires to be discretized into finite 
number of elements that are connected via nodes. The Hooke’s law applies to individual elements as 
well as the body domain. The equilibrium equation in the global formulation can be written as: 
ܯ࢛ሷ ൅ ܭ࢛ ൌ ࢌ                                                              (3)  
where ࢛ is the nodal displacement, ࢛ሷ  is the nodal acceleration, ࢌ is the external load, ܯ and ܭ are the 
global mass and stiffness matrices respectively. 
To simulate the deformation of the soft tissue under the external load, the nodal displacement of the 
whole geometrical domain is selected as the state vector, and the applied external load is the input for 
the set of Kalman filter system equations. To formulate the equilibrium equation (3) in the form of the 
Kalman filter model equation (1) a temporal transient solution is required to split the time period of 
interest into discrete time points ݐ௞ which state estimates can be determined at these time points. The 
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Newmark constant acceleration method is one of the effective approaches that describes how a known 
solution at time step ݐ௞ is determined at time step ݐ௞ାଵ [12]. Two independent and first order derivative estimates of the Newmark method are: 
࢛௞ାଵ ൌ ࢛௞ ൅ ∆ݐ࢛ሶ ௞ ൅ ∆ݐଶሺ࢛ሷ ௞ାଵ ൅ ࢛ሷ ௞ሻ 4⁄                                      (4)  
࢛ሶ ௞ାଵ ൌ ࢛ሶ ௞ ൅ ∆ݐሺ࢛ሷ ௞ାଵ ൅ ࢛ሷ ௞ሻ 2⁄                                              (5)  
where ࢛  is the nodal displacement and ࢛ሶ  the nodal velocity and ∆ݐ  is the sampling time step. By 
considering the displacement vector as the independent variable and calculating the velocity and 
acceleration from equations (4) and (5); then replacing ࢛ሷ  in (3) with the acceleration obtained from the 
Newmark formulas; the nodal displacement formula can be written as following: 
࢛௞ାଵ ൌ ሺܬିଵ. 4ܯ ∆ݐଶ⁄ ሻ࢛௞ ൅ ሺܬିଵ. 4ܯ ∆ݐ⁄ ሻ࢛ሶ ௞ ൅ ሺܬିଵ.ܯሻ࢛ሷ ௞ ൅ ܬିଵࢌ௞ାଵ             (6)  
where ܬ ൌ 4ܯ ∆ݐଶ⁄ ൅ ܭ. By comparing the equilibrium equation (6) with the Kalman filter state model (1), 
the system parameters are defined as; the state vector ࢞௞ ≡ ࢛௞, the transition matrix ܨ ≡ ܬିଵ. 4ܯ/∆ݐଶ, the control matrix ܩ ≡ ሾܬିଵ. 4ܯ/∆ݐ ܬିଵ.ܯ ܬିଵሿ, and the input vector ࢠ௞ ≡ ሾ࢛ሶ ௞ ࢛ሷ ௞ ࢌ௞ାଵሿ். From the defined input vector, it must be noted that the system’s input at each time step is a block vector of the 
external force at the current time point and the nodal velocity and acceleration vectors from the previous 
time points. 
3 Experimental Validation 
The developed KF-FEM model was verified [11] with artificially generated data only, assuming that the 
foundation FE model was 100% accurate. In the other word, the model error covariance ܳ  was 
considered zero. In practice, due to the complexity of the soft tissue, the model involves error as well as 
the experimental observations. The novelty of combining the optimal estimator, i.e. Kalman filter, with 
the traditional FE model is that the developed algorithm balances the uncertainty of the model as well 
as the measurements. 
 
Figure 2: Experiments setup for the indentation of the phantom tissue 
Experiments were conducted to evaluate the performance of the proposed method. Indentation tests 
were conducted on a phantom tissue using the TMA-Q400 machine in the room temperature. The 
phantom tissue is made up of silicone rubbers which have similar characteristics of human soft tissues 
[13]. Six cubic shape samples (10 ൈ 10 ൈ 5	݉݉) were prepared to fit into the test machine. The density 
of samples was computed 1068 ݇݃ ݉ଷ⁄  by average. As shown in Figure 2, a frictionless rigid circular 
flat-end probe with 2.85 mm diameter was used to indent the tissue vertically. The loading condition was 
similar to the literature [14], where an indentation force is applied to the centre of the tissue’s surface 
with a linear increase from 0.01 N to 0.4 N. Displacements were collected from the samples and are 
shown in Figure 3. 
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Figure 3: Real time displacements from the 6 phantom tissues indentation 
A FEM model of a cube with the same size as the samples was created in MATLAB R2015b. The model 
was discretised into 4941 tetrahedral elements with 1123 mesh nodes. The nodes in contact with the 
probe were identified according to the probe’s tip location and its diameter. The share of the applied 
force at each time step was determined according to the number of elements involved. To compute the 
model uncertainty, the traditional FEM was conducted under the same condition as the experiments, 
then the error of measured displacements compared to the FEM response was taken as the model error, 
i.e. ܳ. The measured displacements were taken as noisy measurements with known error covariance 
computed from the errors of 6 samples, i.e. ܴ. The developed KF-FEM algorithm was run as explained 
in Figure 1 in 96 time-steps to solve the equilibrium equation (6). A comparison between the developed 
KF-FEM estimates and the traditional FEM computed displacement at two different nodes are illustrated 
in Figure 4. 
 
Figure 4: Comparison of the FE and the KF-FEM estimates; (a) at indenter's tip (b) at a random node 
As can be seen in Figure 4, the KF-FEM estimates are in good agreement with the FE analysis. At the 
indenter’s tip where the measurements are available (Figure 4(a)), the uncertainty of the system 
predictions is balanced, hence, smaller fluctuations are observed in estimates compared to the other 
nodes that there is no access to measure the displacement (Figure 4(b)). It must be noted that the 
measurement values illustrated in Figure 4(a) are obtained from the least square fit to the observed 
displacement from the six samples with the computed error. The convergence of the KF-FEM estimates 
with the FE analysis happens at the time step where the estimation error covariance of the developed 
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KF-FEM converges towards zero. The root mean squared error of both methods as well as the least 
square fit to the observed displacement at the indenter’s tip of six samples is presented in Table 1. 
Table 1: Comparing the RMSE [mm] between methods and samples at indenter’s tip 
 sample 1 
sample 
2 
sample 
3 
sample 
4 
sample 
5 
sample 
6 
Avg. 
error 
LSTSQR 0.042 0.021 0.027 0.024 0.036 0.025 2.92% 
FEM 0.049 0.037 0.041 0.034 0.045 0.039 4.08% 
KF-FEM 0.054 0.041 0.045 0.039 0.050 0.044 4.55% 
It can be seen from Table 1 that the proposed method shows slightly larger error by average compared 
to experimental samples. In a system with known model error (ܳ) and measurement error (ܴ), this value 
highly depends on the initialization of the algorithm, i.e. ࢛଴  the initial state vector and ݌̂଴  the initial estimation error covariance. It means that the more confident about the initial state of the system and 
the model error, the smaller error in estimates compared to experiments as well as the reference FE 
model. Due to its one-step recursive algorithm, the developed KF-FEM increases the computational 
speed significantly. The traditional FE analysis took 36.2 seconds to compute the displacements in 96 
time-steps, but the KF-FEM method took only 659 milliseconds to complete the computation under the 
identical boundary conditions. Update frequency of both methods is presented in Table 2. 
Table 2: Computational speed of the KF-FEM and the FEM 
 FEM KF-FEM 
Computation time 
[s] 36.2 0.659 
Frequency [Hz] 2.7 145.7 
It should be noted that while the measurements are only available at certain points of the geometrical 
domain, the proposed method is able to get advantage of partial observations as well as the model and 
expand the estimates in the spatial domain. It is also able to achieve the computational frequencies of 
higher than 25 Hz, proven its ability to be employed in real-time applications. The geometrical model 
estimated deformation by the KF-FEM is illustrated in Figure 5. 
 
Figure 5: The deformed phantom tissue estimated by KF-FEM 
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4 Conclusions 
The proposed KF-FEM method is validated through a set of experiments on silicone phantom tissue. 
The simulation results confirm that the developed algorithm achieves high frequency update rate by 
adopting the recursive process of the Kalman filter. It is also demonstrated that the developed algorithm 
achieves high accuracy through the associated FEM-based state equation. The proposed novel 
approach gets advantage of direct measurements available only at some geometrical points of the state 
vector and extends the estimates in the whole domain through the meshes.  
Further work will focus on the recognition of the system noise compared to the experiments. Updating 
the initial system noise according to the behaviour of the soft tissue during the deformation can result in 
smaller error in estimates by improving the model priori estimates. In addition, a nonlinear spatio-
temporal algorithm is being developed by our research group to correspond to the nonlinearity of the 
soft tissue in large deformations.  
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